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Thboey op Matrices over any Division Algebra 

By 

J, L. RtLKY 

{Onachifa College^ Afha^elpliia^ Arkansas) 

1. Intkoduction. 

This paper is concerned with square matrices of order n having for 
elements numbers of any associative division algebra D, viz.^ an algebra 
in which every number d, not zero, has an inverse 

On defining the left linear dependence of the rows and the right 
linear dependence of the columns, of this matrix with respect to D we 
are led to the consideration of the row- and the column-ranks of the 
matrix which we later show to be the same. This is most easily don^ 
by reducing it to a diagonal matrix, one having certain initial 
diagonal elements equal to 1 and all the remaining elements zero. 

Owing to the lack of commutativity of multiplication as regards 
these elements of the algebra D a non-singular matrix ii will be defined 
in two ways and the interdependence of these two methods shown. 
That this non-singular matrix, with elements in D, has an inverse 
together with its converse, will he shown. If’or the purposes of 
reduction we need five elementary transformations which will be 
defined in Artiele B. At the same time we must show that the row- and 
the column-ranks will be unaltered by these elementary transformationist 

It will also he shown that the rank of a product matrix cannot 
exceed the rank of either of its factors, and also that the rank of a 
matrix is unaltered when multiplied on the left and on the right by 
non^aingular matrices with elements in the algebra under discussion. 

In AriJWa ^ row-and column-equivalence, in D, of two matrices will 
be defined. This is a. step toward defining a matrix, with elements 
in D, to he equivalent to another with like elements if it is possible to 
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pass from one to the other by a finite miinber of elementary transforma- 
tions. That two matrices, equivalent in D, will have equal rank, as 
well as the converse of this will be shown in the closing of the 
discussion of the Theory of Matrices over any Division Algebra. 

II. Linear Dependence. 

Thex'e is said to be a left linear dependence, with respect to D, 
between the rows of the matrix p, with elements in the algebra D, if 
there exist elements c < (not all zero) of D such that 

a) lc.idi.=0 0=1 n) 

% 

We may also say that there is a right linear dependence with 
respect to D between the columns of the matrix with elements in D, 
if there exists elements bj (not all zero) of D such that 

(2) (z = l n). 

If no such numbers Ci and of the algebra D exist then the rows 
are left linearly independent with respect to D as to rows, and the 
columns are right linearly independent with respect to I) as to columns 

, Dejmaiim -If a row of a matrix ya, with elements in D, is lef 
linearly dependent with respect to D on some other row or rows of /x 
then /X is called singular. 

If a column of a matrix /x, with elements in D, is right linearly 
dependent with respect to D on some other column or columns of /x, 
thep fx i^ called singular. 

If the rows of a matrix /x, with elements in D, are left linearly 
independent with respect to D, and the columns are right linearly 
independent with respect to D, then /x is called non-singular. 

If r of the rows of this matrix are left li nearly independent with 
respect to D hut if the (r+l)st... ...wth rows of them are loft linearly 
dependent on these r rows with respect to D, then we say that the 
matrix /x has row rank t, which we could henceforth denote 1^ 

If or of the columns of the matrix /x are right linearly independent 

with respect to D but if the (<r+l)st «th columns of them are 

Hnearly dependent on those c columns with respect to D then we say 
that the matrix ya has column rank <r which we could henceforth 
denote by r I,. 
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III. Elementary Tran^omiatims of matrices over any Division 
Algebra. 

By cei-tain elementary transformations on the rows or on the 
columns of a matrix we are able to reduce a matrix with elements in an 
slgebra D, to a diagonal matrix, one having certain initial diagonal 
elements equal to 1 and all the remaining elements zero. 

_ Owing to the non-commutativity of multiplication of the elements 
m this general algebra weu.se the five elementary transformations as 
denned in Algebras and their Arthmetics^'^ 

(i) The addition to the elements of the itli row of the products of 
any element ft, of the algebra D, into the corresponding elements of the 
;th row, ft being used as a left factor, i.e., we use as a left factor a 
matrix of the same order n, as y., differing from the identity matrix by 
having the zero of the ith row and the yth column replaced by hii=jsj). 

Call this matrix a'^^\ Similarly, for subtraction we replace the zero 
oftheith row and the jth column by -ft and get a matrix that we 
shall call 


At this point, on account of the important role that the inverse 
matrix plays in this section, we will define it to be that matrix of order 
« which multiplied by another matrix of the same order either as a 

right or as a left factor will give as a result the identity matrix of 
order ». 


It is to be noted that a' ’’a 




(hi 

’k “ -k' 




— & k 


Hence 

K 


^ inverses, one of the other, 


(ii) The addition to the elements of the ith column of the product 
of the corresponding elements of the yth column into any element ft, of 
the)algebra D, ft being used as a right factor, i.e., we use the matrix 
fej as a right factor in the case of addition. 


This matrix differs from the identity matrix by having the zero of 
the tth row and the yth column (irf )) replaced by ft. The matrix 5^’^^ 

IS used for subtraction. Inkewise, as the first transformation, 

are inverses, one of the 

other. 

" ■ . 

* By Prof. L. E, Biokaon Chicago (1983). 
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(in) The interchange of any two rows or of any two columns, 

W© select a matrix c of order n with I’s in the secondary diagonal and 
zeros elsewhere. If c is used as a left factor in its product with ju., the 
first and the wfch rows of ft will be found interchanged in fto, the second 
and the (w— l)st rows of ft will be found interchanged in cft, etc. Should 
n he odd the middle row remains fixed. If this r is used as a right 
factor in its product with /a then the first and the «.th columns of ft will 
be found interchanged in ftc, etc. 

Using the identity matrix and interchanging the ith and the yth 
rows of it before using it as a left factor we will find the ith and the 
/th rows of Cl /A interchanged. The same holds as to columns 

when c is used as a right factor. 

c*=l, making c its own inverse. Likewise, Ci*=I, making Cj its 
own inverse. 

(iv) The insertion of the same factor X, from the algebra D, before 
each element of any row. 

If we use the identity matfix as a left factor in multiplication with 
II, with the 1 in the ith row and column replaced by an element 

of the algebra D, we are merely prefixing X as a factor to the elements 
of the ith row of the matrix /i. We shall call this altered matrix 
CO 

« > ■where (i) means that the ith 1 has been replaced by X. It is by 

this transformation and the one following that we are able most easily 
to reduce the diagonal elements of the matrix to I’s, for 




d (dti d 


22 ‘^ 33 ’ 


») =( 1 . 1 . 1 -1 ), 


where the 

The inverse of X is Then we may wiite the inverse of as 

vly ' product of these two in either order girss us the identity 
matrix, I* 

(v) The insertion of the same factor p, after each element of any 
column. 

If we use the identity matrix as a right factor in multiplication 
witk- /Ai with the 1 in the ;th row and column replaced by /o(:^0), an 
©lemenl;<:tf the algebra D, we are merely postfixing p as a factor to the 
elements of the /th column of the naatrix u. 
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Likewise, the newly re-ai^anged matrix, previously an identity 
matrix, may be called where the (j) means that theyth 1 has been 

leplaced hy p. p and p-i are elements of D and inverses, one of the 
o er. The inverse of will he since the products of the 

two in either order will be the identity matrix, or I. 

We can readily define these matrices occurring in the elementary 

transformations to he non-singular since 5 c.d, ,= 5^0 and 5 d.. 

for the C; and the b not all zero. 


Defining a matrix with elements in D, as having row-rank r„ 
it has T left linearly independent rows, or as having column-rank' 
if it has o- right linearly independent columns we have 


if 

re' 


Theorem 1. —The row-rank and the Mlumn-rank of p, with ele- 
ments in D, are unaltered by transformations (l) — (5). 

Under transformation (1) there are three cases to consider:— 


• I- ^ i ^ =hj) ()V < «). 

The addition to the elements of the tth row of the products of any 
element h, of the algebra D, into the corresponding elements of the /th 
row, k being used as a left factor, does not alter r„ for the number of 
left linearly dependent rows remain the same. Hence r, is not 
increased, r, is not decreased because the tth row becomes a left 
combination of the ith row and k times theyth low. It is left linearly 
independent of any other row of p. 

Case II. i<r,, J>rr. 

Here the number of left linearly dependent rows remain the same. 

r, IS not increased since the jth row becomes the left linear combina- 
tion of the tth row with k times theytb row. It is left linearly inde- 
pendent of any other row of p. 

Casein. t>r„ y > r, 

The T left linearly independent rows are not affected in this case 
Hence the r, is not decreased. The tth row is a left linear combina- 
tion of the ith row and i times the yth row— both of which are 
left linearly dependent on a row or rows of the matrix. Then r is 
not increased. 

The same hoHs for transformation (2) in dealing with <y right 
linearly independent columns with the exception that we substitute 
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right for left, cohmn for rmc, and use k as a right rather than as a left 
factor. 

It is obvious that (3) does not affect the left linear independence of 
the T rows, or the right linear independence of the t columns, since 
this transformation merely interchanges rows or columns, depending 
on the manner in which it is used as a factor. 

In transformations (4) and (5) the X and the p are non-zero ele- 
ments chosen from the algebra D, their use does not alter the left 
linear independence of the t rows or the right linear independence of 
the <r columns. 

IV. Reduction of Matrices over any Division xilijehra hi Diagonal 
Matrices. 

Consider the reduction of the square matrix p. of order «, 

/a=(c?^. ), »0- 

We may assume (in =3^=0 ; for, if it were zero we could interchange 
some column or row with the first column or row so that we could have 
the element in the (11) place not zero and by Theorem I, at the same 
time not disturb the row — or the column-ranks. 

(i) 

Multiplying /a on the left by e ^ where X is djj ' we get p.,, in 

which the first row is 1,8'y (i=l ») and the other rows are 

n; j=:l »), because of the property 

of closure (defined in Algehras and their Arithmetics, Art. 87 ) is an 
element of the division algebra D. 

lising traesformation (1) where p, is a series of products 

w" (»!=:2 n) and — 1; is of the form — d., {tss2 t») we 

have the exprMsion 



where p, has 1 in the (11) place, zeros in the (il) places, (t=a2 ») 

(j,y, issS «) elsewhere. Hero sdj . -dj, 8'^^. (i, j, 

^ ' Mot l»d»p«ndont of ord^r. 
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Using transformation (2) where 3 I is of the form {j=,2 «) 

and where —h is of the form — (/=2 «) we get 

where /a, has 1 in the (11) place, zeros in the (il) and the (Ij) places 

(j,_;=2...«) and the remaining (n—l)“ places have k=:2...n). 

jk 

Here the A^.^^=8«-8'„ (i,i. X;=2...n), 

and on account of the pi-operty of closure is an element of the division 
algebra D. 

Taking the sub-matrix of order («— 1) composed of the A’s we can 
reduce it step by step, in the same manner until we reach the diagonal 
foi’m known as the diagonal matrix, (1, 1, l,---!^ , 0, O- 'O). 

For example, taking the case of the non-singular matrix /x with 
elements in D, where w=2 

<^19 \ 

^ d,J- 

torm (4) and (5) we maj select as a left factor 


and as a right faoter 


/I 0 \ 

% I 0 d/"' /’ ^^9 8=5^0. 

\ fc \ 0 lAd», d,, Ao 


Then 


=(IV)=- 


where is an element of the division algebra D, by 

property of closure. 

By (1) and (2) we select 

* Not independent of order. 
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=(J l)=- 

where is an element of the division algebra, by the 

property of closure. 

Using e^ again with pc as (=^0) we have 

-r =c ijCo r>- 


Then ppi^q 


(21) (1) . (1) t(12) (2) 

=1 where and — e * 


jp and ^ are non-singular matrices since they are products of non-singular 
matrices oocuiTing in the elementary transformationR(l) ( B), 

Multiplying on the left by and on the right by 5 “' we get 

So, by the process that we used to reduce /x to a diagonal matrix 
we can use the factor {qpr"^ to pass again to /x. 

Theorem 2. — If exactly r rows of the square matrix ft are left linearly 
independent with respect in D while all remaining rows are left linearly 
dependent on them^ then emotly r columns of this matrix arc, consequently^ 
rigM linearly independent with respect to T) while all remaining columns 
me right linearly dependent on them. 

Proof follows by reducing the matrix to a diagonal matrix after 
application of Theorem L This diagonal matrix is square. Hence 
there will be n—r rows and columns composed wholly of zeros. For, 
eveiy row whose every element is zero there corresponds «a column , 
whose every element is ssero. The converse is obvious. 

Ootollary. — The roxo-ranh and the columnar anh are equal. 

This follows from the consideration of the diagonal matrix and 
Theorem 2* ^ 

Definition, — Then we may define the rank of a matrix to be the 
maximum number of rows left linearly independent with respect to D» 
arthe max^ of columns right linearly independent wii^i 3 

regpect to ID, 

■ ■ 

. ■ ■■ 
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Theorem B,- — If a matri^c is non-singfilar, it has an inverse. 

On reducing any matrix /a, with elements in D. to a normal fom we 
see that 

<^1^3 = a diagonal matrix, 

where e^ and the are non-singular matrices occurring when we per- 
form some of the elementary transformations. The products of the 

on the left, may be expressed as a single matrix jp. Likewise, the 
products of the , on the right, may be expressed as the matrix 

Then p/i^=a diagonal matrix. 

If we take /i to be equal to a non-singular matrix, the diagonal 
matrix becomes I, by Theorem 1. Since has the 

inverse Hence every non-singular square matrix has an inverse, 
and at the same time we see that any non-singular matrix fi is a pro- 
duct of the generator matrices and c^. . 

Theorem 4. — If a m(ttri.c /a, with elements in D, has an inverse^ it is 
non-singular. 

Choose p and q as in Theorem 3 so that f^q is a diagonal 
matrix 8, Suppose, contrary to the theorem, that /x is singular. 
Then 8 has one or more I'ows of jseroa. But 

Hence I, 

which is impossible since the product of 8 by any matrix whatever has 
a row of zeros and ia not equal to I. Hence eveiy matiux having 
an inverse is non-singular. 

Theorem s. — (a) The product jjiv, of two non^singular matrices is non- 
singular. 

(h) The product of a non-singular matrix /x by a singular matrix 
/txj is a singular matrix /X,. 

(а) For, /X and v have inverses by Theorem 4^ and hence /xv has 

inverse Then by Theorem 3, the product fiv is non-singular. 

(б) In the product, /tx/xj=/xj, we are able to multiply on the left 

% getting Suppose /Xj non-singular, then we' 

would have the product of two non-singular matrices equal to a 
singular matrix. This is a contradiction of the first part of the theorem. 
Hehce /A, ie singul#: ^ 

■ % ■ 


Iheorem zs a product of two matrices M# 

rank of the •product matrix c-annot exceed the rank of either of the faetor 
rmtHces^ and fjif. 

First, let r be the x'auk of ju.^. If r=n, the rank of /* miinol 
exceed n. If T<n, there is a left linear dependence between vvotj 
r^l rows; of and so here will be a left linear dependeiioe lietweee 
every r+l rows of fx. Thus fx cannot have r+l left lineiirly ituJepeii* 
dent rows. Hence it follows that the rank of fx cannot exceed r. 

Next, let r' be the rank of fx^. If the rank of fi riiitiiot 

exceed rf, for, cannot exceed a. If r'<n there is a right litiMf 
dependence between every r'+l columns of fx^^ and thei*6fora there 
is a right linear dependence between r'+l columns of fi* Thus |a 
cannot have r'+l right linear independent columns. Hence Ibe 
rank of /A cannot exceed r. 

It may be observed that it is possible for the rank of /a to lie Ieii« 
than the ranks of both fx^ and fx^. 

Theorem 7 The rank of a matrix is unaltered when fnuUiplimi bf tx 
•non-singular square •matrix of the same order as a right or (t» ft left fmrim. 

Let fx' be any square matrix of order n and of rank r {r <I » , 
a non-singular square matrix of order n, and a product matrix of 
order 7z. We are to show that the rank of p!' equals that of fx\ 

First, consider the eijuality Multiplying both sidm on 

the left by /tj"* -we get By Theorem 6, the mnk ot 

/i" cannot exceed the rank of / and the rank of /*' oannofc exceed thet of 
/*". Hence the rank of /a" is equal to the rank of i*,'. 

In the product} where /i, is non-singnlep etid pT 

are the same as before, we multiply both sides on the right by 
and get », The rank of /*" cannot exceed tJbnt of u,* end 

md tberank of At^ oannot^^^^^^ Hence tite i»ok of m' 

equals that of /. 


rank (g a matrix is unchanged whan mnlHfdied bn 
fil «/ order as a le^i and ae « rigAl 


^ ^ppo^ is of rank r, s^>^,. ,are non.siqgp|«.,~.,a| of «*der e 
^Ath eiemeu^ mihe-division a^ebra I). We are to chow thet b. the 
product . , j,' has the same rank as /a, By aiwooiation 

7' we see that (/*,)«) and (/a/a ' ---vi- - 
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V, Equivalence of Matrices. 

We may say that two matrices /jl ond fjJ, with elements in the 
algebra D, have row-equivalence in D when they have the same number 
of columns, and when every row of jx is left linearly dependent with 
respect to D on the rows of pf, and when every row of pJ is left linearly 
dependent with respect to D on the rows of /x. Thus the matrices /x 
and p/ are row-equivalent in D when and only when there exist rela* 
tions of both the forms 

(1) /x'=r/x 

where r are products of non-singular square generator matrices 
occurring in the elementary transformations (1)...(5) having the same 
order as /x, /x' and with elements in the same algebra D, From Theorem 
7 we saw that these two matrices, /x and /x^, have the same rank, 
Hence they have the same mumber of left linearly independent rows. 
Therefore, equivalent in D. 

Again, any two matrices, /x/x and /x', with elements in D, will be 
said to have column-equivalence in D when they have the same nlxhiber 
of rows and when every column of /X is right linearly dependent with 
respect to D on. the coJums of p\ and every column of /x' is right line- 
arly dependent wuth respect to D on the columns of /x. Thus /x and 
are column equivalent when and only when there exist relations of 
both the forms 

( 2 ) 

where q, s are non-singalar square matrices of the same order as /x, /x' 
and with elements in the same algebra D. By Theorem 7 the two 
matrices, ^ and /x', have the same rank- Hence the same number of 
right linearly independent columns. Therefore, equivalent in D. 

Thus the matrices, p and p\ are called equivalent in D when and 
only when there exist relations of both the forms 

(8) /x'=r/xf. 

From corollary following Theorem 7 we see that these two matrices 
p and p\ have the same rank, the same number of right linearly 
independent columns. Then /x is said to be equivalent p! or p! m 
said to be equivalent to /x. We denote this relation by 

I. p^^^p! or /x'^ — s,p 

'This isisinown as the first principle of equivalence, The other *iwo 

II, Bveiy inatrijc p is self- equivalent. 

p and q may he the pi*oducts of identity matrices in which case 

ppqmp> m >xw^/x, 


l2 j. L. Ritm^ 

III. If two mairtceSj fi and-fj!, are each equivalent to a third 
fj!\ they a/re equivalent to each other. 

This is known as the principle of transitivity. Let 

Then • 

or ; 

where are non-si ngtilar square in^tWcM 

with elements in the algebra D, since r^, (/i, were m»*t***<5#^ 

with like elements. Hence, if and p '* — it follow# 

that 

Theorems. — Equivalent matrices, fx a>nd fx', with element A or# 

equal rank. 

In corollary following Theorem 7 we have shown that in th© rol»t»Ott 
pjxq=:fjJ the ranks of p and /a' are the same. We have slaovoi tbol 
if such a relation holds. Hence the proof. 

The preceding theorem leads to the converse 

Theorem 9. — Matrices, p and p!, having equal rank, are egifiritlwl, 
in D. 

From the article on the reduction of matrices we see that HduatriiiON 
of rank r (r^n), whose elements are elements of the algebra £>• oaii 
easily he put into the forhi of diagonal matrices. We have dofifiiMl ^ 
and / to be equivalent if the relation p/x2=/x' holds. In tho procNMMi 
"of reduction Pifxq-,,i — '(1, 1, 1,...!^, 0,..,0„), and p%p!q%e^'^{jL% I, 

If, since by hypothesis, they have the same rank.* Tbm« 

by the third principle of equivalence 

end /r— 

or ^ ylf — 'jp/xy 

in which g=gi3*"‘ where the p^s and the j’e ar# moIi 

hoh’Singular products of non-singulai matrices occurring In thw ala* 
mentary transformations (1)...{5). 

Biif; ©al. Math. Sac., VoL XVII, No. 1. 
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On a tvpe of solution op Einstisin’s 
gravitational equations. 

BY 

Nkipendra Nath diiosii. 

{CalcHtta) 

1. The ffi-avitational field in vacuniu is nccording to Kinstein, given 
hy the differential oquatioiiB. 

(M.v=l,2,:i, 4) 

The aolutbns of theae equations stadiod hitherto are not large in 
ntunber. The most well known are those* with a centre and an ax i« 
of symmetry. A eolntion with singuIaritieH nn an axie hw been given 
by H. B. J. Curson.t The object of the present paper is to stndy some 
pariioalar types of solntiotis of the above equations. They have been 
obtained by direct integration on the assumption of certain form for the 
line element. Some new informations aie obtainable in this way in 
certain cases. For inetanoe, it can be proved that there ie only one 
eolation of the type 

cfe* */,(», +/,(«,. . Jd-V -/*(«, ... (I) 

which ie really identical with the Bohwarssohild’s solution with a 
tingle singularity. 

8. Let 0* aseums the foibwing form for the line element. 

****«iFi 'i* +o,g, ,d«,» 

where g’s are funotions of s.„ «„ .r„ and a„ o„ a„ «* art na- 
msriwl oonsiante introdnoed for manipulating the sigpis of the hroottcHMi 

* K. Sohwansohild, B«rl. B«r. 1916 
T. OroBM, Amit. Fenl. tS (1916) 
a. Weyl, Ann. d. Phya S4 (1917) 

T. LevUSMte, BeoA Aco. Liao. (6) 96 (1917) 
t Pieo. LmA MMh. Sea I Beriei 9, vol. 99, t9M, 

' ■ ■ ■ ■ 
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involved. "We shall first calculate the functions them in 

symmetrical forms which would greatly simplify our subsequent ttnelyate- 
We have 

— 9 




8‘ 


9^ 9a., 


logV-g - {piv. a} log V'-^ ! 


Here 


& 

W, /a} =1-5— Iog (p J, 


Qic 




{i^y, /^}=i ^ log 

V 


: ! ^ log 

. - * . U if VV ^ V 


{nv, :<r} — 0, 


Pllt 


. g . 

: v£<)UjU 


then 


r": ... ^ 'sp*' 


{/4V,.^}= 






where ^ ^ denotes 

tit • 

V 


8^ V’ 


Let the four values tTmough which a, /*, v rua 'liej|ep«Mi, for the 
sake of oonvettienoe, by m, n, r, jp, 


E^NSTE^N^S GK^yjiyATIQlTAE EQUATIONS 


then 



{m*'* a} 


in the expression for staitids for 




or ■ ^”‘*1’ I' n 


pp 


■*'K ^i>) ^ 


_ a* . 

das* PP' 

V 


Similarly {^a, ^}{v^, o} in G,, may he expressed as 



and 


9* 

0 9 «>|^ 


log//— gi in.G^, may be psfc as 




whwe h denotes A„*+ A, , + A, , +jA^, 
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V, „} log in G„ may be pat in the form 

(m, n, r) , ^ 2 {h-h.) 8 i 9 ,_ 

2 (y« 8^^ 

A 


^ 

h A. 

a*p 

a.i'p 

Hence G,, comes put after simplification m the form 



'”■5 I I? "" 

\ 


4. hp p ~^ — (^" 


Again 


§ {/iv, a} in G»» 

9®« 


. . d -iii 


® {wn,m}— 


a' 


jin) 5 


Similarly ™ 


(Wv^np) 0 g j. . o o a 

ta IS V 


it 


_L,i» .®- 


and 


8 


0.'-„ a»„ 


-5— logV— g in Qm» 


0 ifii, 8 *« 


(A) 



also 


binstbin's gravitational equations 

o 

■{/*>'> log io 


.17 


. 0 I 0 V 9 1, 9 • t . 

8*r^ 5«?m Ol^n 


Hence after simplification in the form 


(’•.^) p a “ ^ 

^ L9as„aa!H^^ 




\K 





(B) 


3. The above forms (A)and (H) of correspond to the. line 

element of the type . , 


ds^ssa^^e cj^i* -f ff 


We shall consider in this paper the following particular case. (I) 

Let ^ 11 , be functions of (c^ only while is a function 

of and Also let ss — a^ = — -1 ; Then we haye the 

following five differential equations to solm 



4^ 


0 

9j?i 


(A,,+A»i+A4rt'€A»»)^ + ^ 


9 






tliNSTJfilN^S GKAVlTATiOiTAL EQUATIONS 

9^* ^,^*0 


ii> 


+ ^ h. 


a 


Anx '^a*. ** 


... (4) 


l^rum the equation (8) it can at once be seen that A, 3 cannot 

; P*^i 

iavi>lve ; or in other words Agg must have the form 


Since - O A,,=0, 

0*1 0.B, ** 

the equation reduces to 


a4/*>*= 

= S,K. 

OXi 

... (6) 

Eliminating by 

O iC 1 

means of (6) we have now the following 

equations to consider ; — 



e* . JLa 


... (6) 



... (7) 

A*". 




’'ir-A-sl =° 


(8) 


p»‘ A.v=v 

then (6) may be written as 


M. dHOSU 


2^' 


(6) may be written as 

0»1 




(7) may be written as 

Oi^l 

(8) may be written as 

x{H„(H„+8H..))=0 

From (6') aqd {J') we have 


^ log5i-*=2H,*+H. 


let us represent by M, then (9) becomes 

Xl.4, * 


^ logM=(2+M)a, 

o«i 


-^1““ 


Oon.n«»Uj 

and from (7'). ' • 


^_6_ 
9j!j 


1+2M dM 




l7) 


... (»'> 


l») 


( 10 ) 


(It) 


(W) 


**« 


E1NSTBIN*S GB-AVlTAtlONil^ KQUATIONS 

Integrating UO) we liave 

where is an arbitrary constant. 

Integrating (11) we have 

^,*=:log (2 +M)Ca, where c, is an arbitrary constant. 
Integrating (12) we have 

Analog log (2-fM)® Cl, where Cl is an ai‘hitrary constant 



Since HjjSsHg,, the part of A,, involving ajj. 

^x(*«i)=log(24-M)c5, whei'e c, is an arbitrary constant. 

In the above eolations M is evidently an arbitrary funotion of 

To flni the part of involving r 0 | let as revert to the 

tion (8'). 

It can be shown that 

{Hm(H„+2H,J}=5v 

Hence equation (8') reduces to^ — 

95_K.. + (K..).+( i )-=o 

Integrating this, the part of involving has 

the form 

log &i cos 

where 6| and 6, are arbitrary constants. 

Henise the required form for the line element is 

dji « - 2^ 

— (,2+M)*o,*oos* ^(«, + 6,) 


N. sfeosa 


ii: 

By means of the following equations of transformation, 

(2+M)ci=M' 






the aboye readily reduces to the form — 





-.I*!* 1- 


which is identical with Schwarzsohild’s solution. 

Hence Einstein's equations admit of only one solution of thu iypii ( I ) 
and this solution has one singularity and corresponds to a iiald with a 
centre of symmetry. 

A study of some more solutions will be taken up later on. 

In conclusion I wish to express my thanks to Proi N. R. Sen al 
whose suggestion 1 took up the problem and under whose gntdanoe 1 
carried on the above investigation. 
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On DISCONl'INTJOTJS FUNCTIONS WHOSE PROGRESSIVE 
DIPPBRBNTIAL COBPEICIENTS EXIST 
AT EVERT POINT. 

BY 

Avadhbsh Nakayan Singh 
CalctlUa 

In the present paper I have constructed some examples of disoonti- 
mouE functions which possess at each point in the interval (0,1) a 
'^R'l't-hand differential co-eflBoient which is equal to zero and which are 
»ot constants in (0, 1). The first of these examples possesses 

he following properties:— 

<1) It is monotone and non-diminishing and hence of bounded 
ariation, 

(2) It id everywhere continuous on the right, tw# has diacontinuHes 
'f tfie first hind at an enumsrable everywhere denss set, 

(S) At all the points in (0, 1) 

The second example, has the following properties:— 

{!) It is constant in each of the black intervals of a perfect set, but 
'•Ties in the interval (0, 1). , 

(2) It is eveiywhere continuous on the right, hut has disoontirmiUes 
f iho first Jnnd at an enumerable non-dense set, 

(8) It is of bounded variation. 

(4) At all pbinta in (0, 1 ) 

DV,(«) = D^/,(«)ssO, 

jB'urther it may be noted that the functions fiir") and / (.«) are 
aob that 

«DV, («) sD^/, (a,)==0, 


u 

everywhere, but 


A. N. SINGH 


I take this opportunity to express my best thanks to Dr, Qan«ih 
Prasad under whose guidance 1 have carried out these investigationH, 

Example t Let the points of the interval (0, 1) be in the 

dyad scale, so that 

where each c is either zero or one. 

For values of x not representable as ending decimals, let 


For values of .i* representable as an ending decimal 

4. , 

2 ^2* 




1 

2’’ 


let 


=/«=T+l'+-+l- 


(1) It is easy to see that if 

Ox . 0, 

2 ^ ¥ 


IT— Ox . Of . i '^1* 


g, 

w 


be greater than 


= £jl; 4- £l_ 4. 4. 

0 ^ 9* ^ — ^ OlT 


. . .. . .. .2 . .2 

there is a number r such that ' 

c,. —0, while G^==l, 

* Hahn (^Monartth glvwt tin* ftui»«00§ 

which have the same derivates, ahd their difference is nc^ <K)ia4i*ii»ta Bat tliirt 
where ^ 

« On the functions whioh have tte same derivates attff e| #f||gh |||« 
flath., m L pp, fii *, mmmtilm 


OH DISCONflHtOTJS SUNCTIOITII 


M 


and for all values of n < r 

c*=0,. 

A T=/,(X) > y=/,(*), 

for, T and y agree up to (r-1) places, while at the rth place there is a 
2 in Y and a 0 in 2/. 

f(ix}) is, therefore, monotone and non -diminishing and hence of 
bounded variation. 

(2) The function f(x) is continuous at all the points in (0, 1) 
which are not representable as ending decimals in the scale of 2, for 
if X and X agree up to the wth place, y and T also agree up to the nth. 
place. It is also easy to see that at a point x which is representable as 
an ending decimal 


*= T +f. + !?+■••+ f- +8-^. ■ 

/(. + <.)=/(.)= ^ +...+ p +j|;; 


while 


/(as— o)= ?£l + ^ + 4. 1 

'' 3 +•..+ S-, +gT+, • 


3 - • ^ p 


At all such points, therefore, /(aO is continuous on the right, whilst 
it has got a discontinuity of the first kind on left. The set formed by 
these points (ending decimals) is evidently enumerable and oveiywhere 
dense. 

(3) To prove that the function has a right-hand derivative which 
exists everywhere and is equal to zero, we consider the non-ending and 
the ending decimals separately ; 

(a) Let » be a point which is not representable as an ending 
decimal, i.e,, let 



so that from and after some place (wth, say) all the c’s are not equal to 
1. Then, the greatest number of I’s occurring one after the other in 
the representation of w must be finite (=:r, say). 


1^6 

A. N. SINGH 


and 

(*+Ar)=5 +1? + — +|r+|E?i + "* 

% 

then 

S(>-)=^ + ^+-+^+^- 

HH* 

and 

7(*+^,)= % + ^ +...+’2^* + 

««« 

so that 



Also 

•» 

IV 



K 




But fc+1) is always finite and less than or «w; 4 UfU to r*f I, 
so that - 

(A;— l)^(j!?-r— 1). 


Hence 


. hj. 


Liim/ /(aj-h^y)— /(a?) ^ Lim. 




p — >«► S*'* 




But the iDcrementary ratio is always positive, beoatt^* tli# fonoldoii 
/(aj) is non-diminishing. 

Therefore, the right-hand derivative exists at all poixita wbioh ar» 
not re;^es6htahle as ending decimals in the scale of 21^ mild i« iqtuU Id 

serOv 

(h) Let X be representable as an ending decimal 


and let 


then, 


^ ^ _j_ 


/(»)= ?|j + ^4,....+ 

- 3. 3* 5^ • 

...*■■ • 

A“+^«)= + ^‘ +"*+34'i+|pr+>«%^ 4-... I 



so that 


Olf DISCONTINI/OUS ifUNCTIONS 


U 


/ (ai+/t„)— /(■ (!) 2” 

^ 3 "-T 


Hence , . /(®+^«i) -/(*) - Lira. 2- 

^-—>0 X"" >oo gsr-iS 0. 


As the inorementary ratio is always positiye, 
hand deriyative equal to zero. 


mere exists a Mglx; 


We haye thus shown that at all the points in (0, 1) 

H-"/(. 0 =r> 4 ./(^)=o. 

ii?zawpZe IL Consider Cantor’s perfect set and its black interyals. 
When « hes in a black interval of the set, let/(,0 equal the square of 
6 length of the black interval. When u is a point of the perfect set 
ioi/(ii>)=f(x + 0). 

The function is evidently continuous at all the points complemen- 
Y o *he perfect set. At all the points that belong to the perfect set 
and are limiting points on both sides /(*) is continuous and has the 
value zero, for we can always find an interval enclosing such a point 
and such that it does not contain any interval of the Hh stage, where r 
IS less than or equal to a given arbitrarily large number At all 
the^ points which are end points of a black interval, /(») is continuous 

on e right only , whilst it has got a discontinuity of the first kind on 
tna left* • 


It 18 also easy to see that the total variation of the function cannot 
ejcoeed 






/(ir) is, therefore, of bounded variation. 

It is also evident that the right-hand derivative at all the points 
that are interior to, or are left-hand end points of black intervals, 
exists ..and is equal to zero. The remaining points are points of the set 
that are either limiting points on both sides or are such on the right 
only (i.e., they are right-hand end points of hlaek intervals). Such 
points * are represented as 


* *=£.'+£* 4 . 

®- 3+39 + -+3V+” 

Where etoh 0 is either zero or two, and all the o’s from and after some 

place are trot equal to two. Also 


L ir. siNiiH 




Let a' be a point within or at the left-hand end of the black interval 
of the mth stage of subdivision, nearest to ic and on the right of it. 
is represented as 


£14. ^*4. 4. 1 ^^>*+14, 

3 ^3* 


where the c^’s (r < m) are either zero or two, and is equal to 

zer^^i one, or two (for 2, 3..*), and all the c’s from and after some 
place are not equal to two. Also 






where r is finite and equal to the greatest number of 2^8 that occur one 
a^ter %e.oth^ in the representation of .T. 


^ m— ^00 ’ 


' Baty and /(ie'> i« always positive. Therefo|‘e the incne- 

zhant^try ratio has the limiii zesro^ 

Again if we approach x along a sequence {»,/'} of points which a^re 
right^hsoad limiting points of the set. 




SO that 


Lim. /«)-/(«) 


. at all the points ttwit are gight-hand li^nitji,ti|g |yn‘T^ pife 
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On Vortbx Rings in Oomprbssiblb Rltiids 

BY 

Neipendr4 Nath Sen, D.Sc. 


(^Calcutta University) 


The only previous author who dealt with vortex rings in compres- 
sible ijxids is Dr. Chree* whose results however admit of much simpli- 
fication. As a matter of fact, he attempted to solve the problem of 
vortex rings of compressible fluids moving in incompressible licLuids. 
The object of the present paper is to discuss the motion of vortex rings 
of compressible fluids moving in a similar or a different kind of 
compressible fluids, and I have proved that in the kind of the three 
dimensional fluid motion ia which Stokes’s stream function exists, 
the compressibility of fluids has no affect on the fluid velocityj so 
that the motion of rings in compre-ssible and incompressible fluids are 
essentially same. This result, remarkable as it is, was lost sight of 

by Dr. Ohree. ' 

2. Let p, <j>, a be cylindrical co-ordinates of any point referred to 

the centre of the circular axis of the ring as origin and its axis as 

*-axi8. 

«/f=Stokes’ stream function, considering motion symmetrical 
about «-axis, 

u, V, ’U?=oompoiLents of the velodty iu cylindrioal co-ordinates 
at the point p, z , , 

expansion, which is same t in all oo-ordmates, 



p ^P 


1 0£ a 

P 


Qw 


di^sdensity of the fluid, 

2(a=vorticity, 

It is well hnown in hydrodynamics that the motion of a fluid which 
fills infinite space and is at rest at infinity is determinate when A and 


# On vortex rings Min* Math, Soc*, Vol* 0, p> 65*68, 18S8. 

t hniah^BydrodynamicSt ed. v P* 48. 


«> are kaown afc all points of the I’ejrion. Thus 
ordinateB,* the components of the velocity «, n, w ai’e- 



a* ay a^ 

V=- 

ay a* "" 0a> 


10 


a» 0a! 0y 


where ®, F, G, H are given by 

a« Qv , 0W 1 n 7 


lli 


<*; 

CSj 

(*j 
It is 


V*F=-2^ 

V*G=-aj? 
v’H=-. 24: 

*->^6 components of w along the oarteswn mm. It, i 
. ntotftoa ,2), (3), (4) ,3.1 ,, g, g J 

rL^^‘7^ TortioiV win. • i. ...tLi 

-r: 

and compression independently. ^ ^ ^ wrftioit' 

ifow, from the equation of continuity in oylindnoal oo-orfm 

1 Dc? 1 A 

3-S+7-^(“'H-^”=o (,. 


Bd _ 1 a 


^ ^ cT Si = 


p dp- 


(«/>)+ 


9i? 

a« 




ifom (7> 




<*11 g»jtoCT »/ j»« o.to.a. ° ' 




•f'.* 

Nj V. •-: 

i|^.^ath«aof.,,.Toi..3qr%ir<j,. . 
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On the Expansion of ihe product op two parabolic 

CYLINDER FUNCTIONS IN A SERIES OF PARABOLIC 
CYLINDER FUNCIONB 


BY 

S. C. Mitra 
C UmveTsity of Dacca) 

L In an issue of the Proceedhgs of the Benares Mathematical 
Society (VoL II) Mr, G, Prasad, M,Sc. has obtained an expression for 
the product of parabolic cylinder functions in a series of parabolic 
cylinder functions, He has obtained expression of the form 


j. m(w— l)(m— 2)2.1.»C»-1)...(«— m+i) 

+ 


and 


D«(*)D,(«)= S 0,D„(*) 

pwmO 


where 


m ! n! 


m 

(w—r)! (n-r)! “’» + «i-2r,p, 


and 


( m + n = 6 ren integer ) 


(0 


32 
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whera 


d = ^ ‘ - 6 

** * (n—r)! « 


+ m — 2r, !P 


(m+7ts=:odd integer). 


p and ^ being expressed determinantly. 

The first expression is finite while the second expression is infinite* 
The main dijB&enlty encountered by the author was that assuming an 
expression ^a^'Dr for the product of two‘ parabolic cylinder functions, 
a number of equations involving three consecutive oo-effioients were 
obtained from which it was difficult to obtain the co-effloient of the most 
general term in the expansion* 

The object of the present paper is to give a different finite expres- 
sion for the product, when the co-efficients in the expansion are dednci- 
hie from a general law and to evaluate several interesting integrals, 

. 2, We know that Dn(^) satisfies the differential equation, 




The recurrence formula are 


D.+j(!e)-»D,(*)+«D._,(a<)=:0 


* ^ »» -1 C***) 


iSm’ll-S;''- 


■ P=D,»{a,). 

Thun D»*(®) aatisfies the differential equation 


get .the differential equtiitlos 
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To solve this equation, let us assume 

the limits of r being determined later on. 

Substituting in (2) and making use of the recurrence formulae, we 
get after a little simplification, 

2a,.[(2y — 2y-H2)D,._i]=0 

If we assume that m is a positive integer, then 


L 2 2-4 'as* J 

We see that D„(jc) is the product of e and a terminating series. 
Hence is the product of and a terminating series. KTow" 

Di*(^) is the product of and a terminating series. This sug- 

gests that the upper limit of r is 2n and the lower limit zero. The 
infinite series obtained by putting y=0 or 2n + l are to be rejected. 

Equating to zero, the co-efiSlcients of D,.« 4 (f) and 

so on, we get the following relations between the successive co- 
efficients. 

a,. .. j (2r— 4^— 4) + 2r-|- 2) 5=0, 

a,,^^,(2r— 4w— 8)+ar-i(^-“2)(47i— 2r-|-6)=:0, 
a,^„„(2r— 4w— 42?)-far-aj,+sC^~2p-|-2)(4n— 2y-H4jp--2)=:0, 


Uq (— -471) -f fl^,.2(4?^— 2) =0. 
Putting r= 27 i, we find that 

^Jin> 

w(w— 1) 

^4n-4 — I O 


- _1 o 5 » (n^l)(n~2 ) 

H-a I 0 


H-i 


1.8.5.,.(2j)— l)w(w— 


a... 


5 


Si 


S. C. MITKA 


Therefore we get, 

D.*W=a,, jD„(^/2a!) + l.wD,„_,(^/2c) 


1.3.«(«-1) 
+ ,2 


,(V24+... 


1.3.5,,,(2p — l),n(n — !)...(» — jo + 1) 

+ j— - - 




+ ...+ 


1.3.5..>(2?2, — — 2)...l 

I ^ 



( 3 ) 


Also comparing the co-efficients of .<,»» from both sides, we 
find that 



3. The above method is not of great advantage in obtaining the 
expansion of the product D„(a,)D,(A), when m and n are unequal 

integers, because we cannot get any relation between two consecutive 
ob-efficients. 

We know that 

oo 

J Sin ' 


where /i’ is or .1^ Which everlis an integer, and the cosine or the 
sine is taken, according as n is an even or an odd integer. 

Suppose m and n are both even integers, and in n 
Then 

00 oo 

Di It 

' ^ ^ COS 2icw COS 2xv dudv, , 

— 00 — 00 

WhittaW Watson, Afoc2er?7. p. $4$. 



PEODtJOT OF TWO PAEABOLIC CYLINDBE FUHOTIONS 


35 


u-i-V— 2 <l>, u — V— 2 >jr. 

9 (w. v) _2 

0 l/r) ’ 

D„(«)D,(.c) 

m+n 

= (— 1 ) ^ 2 "+’'+“ ( 2 n-)->e^“"' 

OO OO 

^ {cos4e<^4-cos4aji/r}c?<;(»di/f 

^ ^ -^M+n-r be tbe oo-ef&cient of in the expansion of 

(» ^ 2/)"(^ "^yYi it can be proved easily that 

p ~0 

anil = 

%vIit5X'e is the co-efficient of iu** 2/*^+ 

Consequently, we can write 



Let 

Since 


m + n 


— TT' m + n 

= (■1) 2 2“+-+*(2Tr)->e^“ S A.+._, 

r=0 


OO OO 


:j j {oos4*.^+cos4ai^}£2^# 


-OO — OO 


Integrating, we find that 

A 


{(-If 1.3.5...(r-l) 

2 


2 


m+ 


xD„+«_,('/2a!)+(-l) 2 1.3.5...(w+«-r-l)D, 

where all the even integral values of r only from zero to m+M are t.fl.lrftT, 



S. c. MI^RA 


56 


We can therefore write 




2 2 

+ v^2dj) + .,. 


m + n -| 

+ (-l) 2 3.3.5. ..(m+M—l)AoDo(V'2*)J 


m 


. ••• («) 

It may be remarked that the same expansion holds good when 
and n are both odd integers. 

Next let us suppose that m is an odd integer, while « is an even 
integer, and m>n. We have 


W + ?l — 1 


D„(,v)D.(r)= (-1) 2 

oo oo 

A I ( ”» + ’»-»• r -4(^.»+^,») 

m + n'-*rj J ^ 


m-hn 


r«0 


— OQ — OO 


X {sin 4.B<;t+sin 4ixf}d4df 
After some easy reductions, it is found that 


D*(..:)D,0r; 


m A-n I 


+ 1.3, A,rt+n-4( Din+»i-4( + ,,* 


mAn^X 

+ (-3.) 2 Ail.3.5...(m+w-2)Di(v'2.i!) 


} 


(6) 


The same expansion holds good when m is an even integer andw 
an odd integer. 

If in (tt) we put w=w, and simplify the results, we are led to the 
experession (3). 
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(4). From (a), we easily find tliai 


D^(ic)Dn(aj)D^^.^( v'2ij)c2,£ 




Dm(^)D,(^)D„+H_,(v'2iB)d(j 


— I- A.„.^.,_a (■!ry^im+n~2) 


and so on. 

Milne ^ has proved that 




Da„(jc) COS kc (U 


Therefore 


^ / OO 

•^a n+i (2^) 2 a/^“ j ^an+i 


(j») sin kx dx. 


n(2/c+2a)dfc 


i oo oo 

J ■ 


a n(aj)D* m(2ft){cos hx cos ao;— sin kx sin av} 


oo oo 


X dxdk 




Dj„ (iB)Da„(2/c)cosA;®cosa» dxdk 


‘ Proc. E(Zw. Soc. xxxii (1914), pp. 2-14.; xzxiii (1916) pp. 48-64. 
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oo 

oo 


axd.G 


OO 

— 1 2»n+» ”‘+® 

— -l.Aa^+jjn-a I^aw+Sn-aC 'V'^ 2 aj) + 1 . 3 . ^3^4.2 n -.1,1^2 JW+ an-* ( 

+ ... + (-l)"+"1.3.5...(2m+2»-l)AoDo(V2,)]cosa,:(Z, 

— 1^2^" ^ 

+ 1, A2»i4j^^2^aM+ji »-a ( 

+ 1.3, A2^+2n-*J02w+a»-*(^2a)+... 

+ 1.3.5. ..(2M+2n-l)AoDo(^^2a) j ] 


Similarly 


f 


D„.(2ft)D,„+,(2l!+2a)(;A: 


“(2") [2,.+«+^ 

+ 1. A2OT4.^„„j^D2»i4.2n-a(''^2®’) 

+ l.S.Ag n— s^a «+a n — 3 C 

+ ... + l,3.5...(2ire+2»— 2)AiDi(V'2a) | J. 
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General theorem oe co-intimacy of stmmetrics 

OF A IITFERBOLIO TRIAD 

BY 

S. Mitkhopadhyaya and R. C. Bose 
(^Calcutta Unirersit}/) 

1, Introduction. 

By a hyperbolic triad is meant a group of three elements (points 
or lines) lying upon a hyperbolic plane. The group may consist either 
of three lines, two lines and a point, two points and a line or of three 
points and the elements forming the group may he situated in any 
manner whatsoever on the plane. The scope of the present paper is 
to extend to all hyperbolic triads the well-known concurrency theorems 
of the angle bisectors and the right bisectors of the sides of a 
triangle formed by three line elements meeting at three actual vertices. 

The extension of the angle bisector theorem to all possible triads 
of linear elements, meeting at actual, improper or ideal vertices was 
effected by pure Geometry in a paper by S. Mukhopadhyaya and Bhar 
published in the Bulletin of the Calcutta Mathematical Society [Vol. XIL 
No. 1. 1920-21]. They were first to introduce the concept of the 
symmetric between two directed lines, and to show that in certain oases 
it may be a point. The concurrency theorems of the angle bisectors of 
an ordinary triangle were then shown to be merely particular cases of 
the general theorem of concurrency of symmetries between three direc- 
ted lines. 

In the present paper the concept of symmetries between a point and 
a line has been first introduced. By the introduction of this important 
concept which is claimed to be novel, the difficult problem of generalis- 
ing the' concurrency theorem of the right bisectors of the sides of a 
triangle so as to cover the cases when two or more of the sides do not 
meet at actual points has been completely solved. Again by the intro- 
duction of the concept of intimacy it has been possible to entirely abolish 
the ultra-geometrical concepts of improper, and ideal points, and at the 



40 


S. MUKHOPADHYAYA AND R. C. BOSE 


same time to give to onr theorems a larger scope for generality. Some 
other new terms and concepts have also been introduced which will be 
found in their proper places.' The final result obtained is an elegant 
geometrical theorem of a highly general character which is applicable 
to all hyperbolic triads, and further combines in one the two distinct 
theorems of concurrency, already mentioned. The theoi*em as well as 
the numerous deductions which have been made from it, will, it is 
hoped, prove interesting to all lovers of N’on-Euclidean Q-eometry. 

2. Lemma I : — If P^P^N he perpendicular to and if P^N ami 

Pj^N he complementary lengths, then a Tiorocycle through P^ and tvill 
touch O^NO^ at some point 0^ or 0^, such, that O^N or O^N is 
mentary to the length 

. Let OX be a tangent to a horocycle at 0 and P^N bo perpendicular 
from any point on the horocycle on OXCPig. i). Draw OY per* 
pendioular to OX towards the same side on which lies, so that OY 
is an axis of the horocycle, drawn from 0 in the direction of parallel- 
ism. Draw P^L an axis of the horocycle at P^. 

LetON=.^ P,X=y, OPi=2?, ZLP,0= Z YOP,=:<^ 

Then evidently is the angle of parallelism for the distance Z, 

V tanh 3= cos 

=sm POX 


_ sinh y 
sinh ^Zz 

or sinh y= 2 sinh ' 

Again cosh 2? = cosh x cosh y 

1 + sinh y =cosh « cosh y 
or cosh .r=seoh ^-1- tanh y 


(0 


(«) 


Squaring {%) and simplifying, we get 

8inh®2/— 2oosech*.i‘Sinh y-f 1=0. ... 

If and y^ be two values of y corresponding to a given value of ai, 
we have from (m) 

sinh 2 /i sinh 

Thus if NP. outs the horocycle again at P„ NP^ and NP. are 
complemeiitary. 
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From M the mid-point of draw MD parallel to P^L, Then 

MD is parallel to OY. It follows that the length 0 ^ 5 ^ is complementary 
to the length MN which is -f NPg). 

Corollary X — If jY, P^, M, he 'points taken in order upon a straight 
line stich that M is the mid-point of and lengths NP^ and NP^ are 

complementary^ then cosh MP^ =sinh MN, 


Prom equation (i), cosh = ^ + sinh 

cosh 2/ X cosh 2/ a J 

/. sinh (2/1— ysj)=cosh2/x -cosh 2/a, 
or coshi( 2 /i- 2 /a)=sinhi( 2 /x+ 2 /a)- 

K2/x-"2/2)=^Pi and ■|-(2/x-f2/a)=M]Sr 

Hence cosh MP^ =sinh MN. 

3 , Definitions, The principal line of a pair of elements consisting 
of a point and a line. Let P a point and AB a line not passing through 
P, Draw PL perpendicular to AB meeting AB at L. Take P' on PL 
such that P'L is complementaiy to PL, P and P' lying on the same side 
of L. Let M he the mid-point of PP'. Then the line perpendicular 
to PP' at M is defined to be the principal line of P and AB. 

It follows from the corollary to Lemma 1 that cosh MP= sinh ML. 

The principal point of a pair of elements consisting of a point and a 
line, . Let P be a point and AB a line not passing through it. Draw 
PL perpendicular to AB meeting AB at L. Take L' on PL such that 
PL' is complementary to PL, L and L' lying on the same side of P. 
Let S be the mid-point of LI/, Then the point S is defined a^s the 
principal point of P and AB. 

It follows from the corollary to Lemma I that cosh SL=sinh SP, 

The middle parallel of two parallel lines. The locus of points equidis- 
tant from two given parallel lines is a lino parallel to both. This line 
is defined to be the middle parallel of the two given lines. 

4. Lemma II : — If Q ^^^2/ principal lino of P and AB 

then cosh PQ==isinh QB where D is the foot of the perpendicular drawn 
from Q on AB, 

Let P be a point and AB any line not passing through P. Let PL 
be drawn perpendicular' to AB, L lying on AB. Let MQ be the 
6 
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^ T'* »” I-** “ »» «*« toob of the 

perpendicular drawn from Q on AB. Join QP (fig. H). 

Then sinhQD=sinhMLcoshMQ, 

=co8h PM cosh MQ, 

=oosh PQ. 

♦ 

^ md if ^ to tho pnneipal line of P and 

‘t r « tU Umthof the peeponmonlar feomP on tU. line, lien 

sinhjp=cos<;6, 1, or, coshc? 

mV^c 'Z 

perpendicular from P on QO such that PK=p. Let 00 cut AB a. ! 
dic'ular'^ of lfngIh’^^'’it^^AB (fig. or possess a common perpen- 

Then °os 1, or, cosh dzrsinh ML sinh MQ, 

=008hPMsinhMQ, 

=sinli p. 

®^^P=oos <;!), 1, or, cosh d 

according as the line intersects AH np 7 . . 

■messes a common perpendicular of length 7Jml. 

princCal^lfof'plnd"!^ S the 

parallel to it (fig. w), or possessino- a c ^ 

d with it (fig, um) Let PR tp flf P®^Pe“d»ciilar of length 

that PE=p. be the perpendicular from P on SHsuch 


Then 


cosh d, 1. or, cos ^=cosh SL sin LSH, 
=sinh SP sin LSH, 
■s^sinhp, 



HYPERBOLIC TRIAD 


6. Lemma V : — If PM ho a •perpendicular bo AB from a point P 
lyifig in AB and if p he the length of the perpendicular from P on any line 
parallel to PM {in the sense PM) then 

sinli^=cos 1, or, cosli d 

according as the line hitersects AB at an angle <j5>, is parallel to it, or 
possesses a common perpendicular of length d with it. 

Let P be a point in the line AB. Let PM be drawn perpendicular 
to AB. Let PQ be a line parallel to PM (in the sense PM). Let PQ 
intersect AB at an angle <jE> (fig. ix), be parallel to it (fig, xi), or possess 
a common perpendicular of length d with it (fig, xi). Let PL be 
perpendicular to QP such that PL=p. 

Then cos <#>, 1, or, cosh d=cosh PL sin LPA, 

=cosh PL cos MPL, 

=cosh PL tanh PL, 

=sinh^. 


6. Intimacy and co-intimacy. 

The elements we will deal with are the point, the line, and the 
horocycle, the last being representative of a conceptual point to which 
its axes converge. All horocycles with the same system of axes are 
equivalent. 

A point and a line will be called intimate if the former lies on the 
latter. Two straight lines will be called intimate if one is perpendi- 
cular to the other. A straight line and a horooycle will be called 
intimate if the line is an axis of the horocycle, A horooycle may be 
regarded as intimate with itself and consequently with any equivalent 
horocycle. 

The join of two elements is a third element intimate with both. 
Between any two distinct elements a unique join always exists. The 
join of two points is a straight line passing through both. The join 
of a point and a line is the straight lino through the point, perpendi- 
cular to the given line (the point may lie on the line). The join of 
two intersecting straight lines is their point of intersection. The join 
of two parallel linos is any horooycle of which both the lines are axes. 
The join of two non -intersecting and non-pai-allel lines is the line 
perpendicular to both. The join of a point and a horocycle is that 
axis of the horocycle which passes through the point* 
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The join of two horooyoles is the straight line which meets both boro- 
cycles at right angles and consequently is an axis to either horocycle. 
The join of a horocycle and a line, not its axis, is that axis of the here- 
cycle which is perpendicular to the given line. The join of a horocycle 
and a line which is its axis may be taken to be the horocycle itself or 
any equivalent horocycle. 

Any three elements will be called co-intimate if there is a common 
element which is intimate with each. Thus three straight lines passing 
through the same point are co-intimate as each of them is intimate with 
this point. Also three straight lines perpendicular to the same straight 
line are co-intimate. Again three straight lines parallel in the same 
sense are co-intimate as each of them is intimate with a common horo- 
cyle. Two lines and a point are co-intimate if a stoaight line through 
the point perpendicular to one of the lines is also perpendicular to the 
other line. Two points and a line are co-intimate if the straight line 
passing through the points is perpendicular to the line. Three points 
are co-intimate if they lie on the same straight line. Two lines and a 
horocycle are co-intimate if an axis of the horocycle is perpendicular to 
both the lines. Again two lines and a horocycle are co-intimate if both 
the lines are axes of the horocycle, for in this case each of the three 
given elements is intimate with the horocycle itself. A point, a line 
and a horocycle are co-intimate if the perpendicular from the point to 
the line, is an axis of the horocyle. Two points and a horocycle are co- 
intimate if the straight line through the points is an axis of the horo- 
cyole. Two horocyoles and a lino are co-intimate if the common axia 
of the two horooycles is perpendicular to the line. Two horocyoles and 
a point are co-intimate if the common axis of the two horooyoles passes 
through the point. 

It would hardly be appropriate to call the three elements con- 
current in all the above cases. We have therefore ventured to introduce 

the name co-intimacy to cover all these cases and hope that it will be 

acceptable to Mathematicians. S. Mukhopadhyaya has used already the 
expssion ^ r mg e of intimacy (co^ntimaci/) of two curves' for the set of 
points of intersection of the two curves {8ir Asutosh MooTcerjee Silver 
Jubilee Vol. 11, 1922). ' 

7. PtRE CM ]) ELEMENTS. 

A point element or a line element may be taken in two opposite 
senses._ With each point P we may associate a clockwise or a counter- 
clookwisb direction of rotation about the point. With each line AB we 
may associate either the direction AB or the direction BA. We attach 
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no sense to a horocyclic element. A point or aline taken with a parti- 
cular direction associated to it we will call a directed element. 

The sense of a directed line AB relative to a point P is defined to he 
clockwise or counter-clockwise according as the circuit PABP is clock- 
wise or counter-clockwise. 

Two directed poinbs having the same sense are called similarly 
directed. They are called oppositely directed if they have opposite 
senses. 

A directed point and a directed line are called similarly directed 
if the sense of the line relative to the point is the same as the sense of 
the point. If these senses are opposite, the point and the line are said 
to be oppositely directed. 

Two directed lines- parallel to one another are called similarly directed 
if the sense of each is the same as the sense of parallelism or opposite 
to it. They ai’e said to be oppositely directed if the sense of one is the 
same as the sense of parallelism while the sense of the other is opposite 
to it. 

Two directed lines with a common perpendicular ai^e called similarly 
directed if they have the same sense relative to a point on this common 
perpendicular produced, while they are said to be oppositely directed if 
their senses I'elative to such a point are opposite. 

8. The measure of diveroence between two directed elements. 

The divergence between two directed points at a distance d apart is 
measured by d or d according as the points are similarly 

or oppositely dii'ected. 

The divergence between a directed point and a directed line at a dis- 
tance d from it is measured by ^sinli d or +si 7 ih d according as the 
point and the line are similarly or oppositely directed. If they are inti- 
mate the measure of divergence between them vanishes. 

The diverge^ioe between two directed linos meeting at a point and 
making an angle 8 with one another is measured by cos 8. 

The divergence between two directed lines parallel to one another is 
measured by 4-1 or —1 according as they are similarly or oppositely 
directed. 

The divergence between two directed lines with a common perpendi- 
cular of length d is measured by '^cosh d or -^cosh d according as the 
lines are similarly or oppositely dii*ectod. 

If p be a directed element such that the measure of divei'gence 
between p and a given directed element a is the same as the measure of 
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divergence between p and another directed element /3 then p is defined 
to be eqiddivergeni with a and It is evident that if a directed 
element p is eqnidivergent with the directed elements a and as 
also with the directed elements a and y, then p is equidivergent with 
/? and y. 

9. Horocycles equidivergent with two directed elements. 

A horocjcle is said to be equidivergent with two directed points a 
and if an equivalent horocjcle passing through a also passes through 

and conversely, and if every directed point taken on this equivalent 
horocycle is either similarly directed to both a and ^ or is oppositely 
directed to both. 

A horocycle is said to be equidwergent with a ^directed point a and a 
directed line ^ if an equivalent horocycle passing through a touches ^ 
and conversely, and if every directed point taken on this equivalent 
horocycle is either similarly directed to both a and ^ or is oppositely 
directed to both. 

A horocycle is said to be equidivergent with two directed lines a and 
^ if an equivalent horocycle touching a also touches P and conversely, 
and if every directed point taken on this equivalent horocycle is either 
similarly directed to both a and /3 or is oppositely directed to both. 
Again a hoi'ocyole is said to be equidivergent with two directed lines 
a and /?, if both a and ^ are axes of the horocycle and are similarly 
directed. 

We shall now show that if H is a horocycle equidivergent with the 
directed elements a and ^ and also with the directed elements /3 and 7 
then H is equidivergent with ^ and y. 

In the first case suppose that a and ^ are not similarly directed 
parallel lines. Draw a horocycle H' equivalent to H and passing 
through a if it is a point or touching a if it is line. Since H is equidi- 
vergent with a and passes through ^ if it is a point or touches 
af it is a line. Since H is equidivergent with a and y, H' passes through 
y, if it is a point or touches y, if it is a line. Again if P is any 
point on H' similarly directed to a, it follows that P is similarly 
directed to /5 as well as to y, and if Q is any point on H' appositely 
directed to a it follows that Q is oppo.sitely directed to /J as well as 
to y. Hence from definition H is equidivergent with ^ and y. 

Next suppose a and ^ to be similarly directed parallel lines, The 
horocycle touching both a and ^ is not in this case equidivergent with 
a and as any directed point on this horocycle is oppositely directed 
to id when it is similarly directed to a. Hence H must be a horocycle 
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wliicli bas both a and /3 as axes. Since H is eqnidivergent with a and 
y, the latter must be an axis of H and similarly directed to a. It 
follows that /5 and y are both axes of H and are similarly directed. 
Hence from definition H is eqnidivergent with /? and y, 

10. The symmetric between two directed elements. 

Between any two directed elements a and there exists a unique 
element {a^} intimate with all elements (directed points, directed 
lines, or horooycles) eqnidivergent with a and 13. {a;^} is defined to 

be the symmetric between a and 

(?) The symmetric between two similarly directed foints P and Q is 
the right bisector of P Q, Letjp be the right bisector. Obviously any 
directed line or directed point intimate with p is equidistant from P 
and Q, and is either similarly directed to both P and Q or is oppositely 
directed to both. It is thus eqnidivergent with P and Q. Again if 
there be a horocycle H intimate with p having p as an axis) then 
a. hoi'ooyole through P having the same system of axes as H, passes 
through Q. Since P and Q are similarly directed, every directed point 
on this second horocycle is either similarly directed with respect to 
both P and Q or is oppositely directed to both, H is then by definition 
eqnidivergent with P and Q. 

(ii) The symmetnc between hoo ojppositely directed points F and Q is 
the mid'point of P Q. Any directed line AB intimate with the mid-point 
is equidistant from P and Q, Since P and Q lie on opposite sidss of 
AB the cix’ouits PABP and QABQ have opposite senses. Hence if the 
sense of P is the same as the sense of the circuit PABP the sense of Q 
is the same as that of QABQ, while if the sense of P is opposite to the 
sense of PABP the sense of Q is opposite to that of QABQ. In every 
case therefore AB is similarly dmected to both P and Q, or oppositely 
directed to both. It follows that AB is equidivergont P and Q. 

(m) The symmetric between a directed point P and a line AB similarly 
directed to it is the principal line of P and AB. Let p be the principal 
line. Let Q be any directed point on P. Then Q must be on the same 
side of AB as P since p cannot intersect AB as it possesses a common 
perpendicular with AB. Hence Q is either similarly directed to both 
P and AB or is oppositely dmected to both. Lemma 11 then shows 
that Q is equidivergent with P and AB. Similarly it follows from 
Lemma III that any line intimate with p (z.e., perpendicular to p) is 
equidivergent with P and AB. Again Lemma I shows that a hoi‘ 0 - 
oycle through P having jp as an axis touches AB. It is also obvious 
that every directed point on this horocycle is either similarly directed 
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to both P and AB or oppositely directed to both, since all points on 
the horocyole lie on the same side of A B as P. It follows from that 
any horocycle intimate with p is eqnidivergent with P and AB. 

(iv) The symmetric between a directed point P, and a line AB 
oppositely directed to it is the principal point of P and AB. Let S be 
the principal point. Taking into consideration the directions of the 
elements concerned, it follows at once from Lemma IV that any 
directed line intimate with S is eqnidivergent with P and AB. 

(r) The symmetric between a directed point P and a directed line 
,AB intimate with it is a horocycle having as an acvis the directed line 
PJj, the sense of AB relative to L being the same as the sense of the 
directed point P. Let H be this horocycle. It follows from Lemma 
V that any directed line intimate with H is eqnidivergent with P 
and AB. Again a horocycle H' equivalent to H and passing through 
P touches AB at P, All points on H' lie on the same side of AB 
as L and therefore the sense of AB relative to every point on H' is 
the same as the sense of P. It follows that every directed point on H 
is either similarly directed to both P and AB or oppositely directed to 
both Hence all horooycles intimate with H and therefore equivalent 
to it, are equidivergent with P and AB. 

(vi) The symmetric between the directed lines 0 A and OB meeting at 
the point 0 is the edernal bisector of angle AOB, 

(viz) The symmetric between two similarly directed parallel lines is a 
horocycle having both the lines as axes, 

{viij The symmetric between two oppositely directed parallel lines is 
their middle parallek 

(ix) The symmetric between two similarly directed lines with a common 
perpendicular is the mid-point of this perpendicidar, 

{x) The symmetic between to oppositely directed lines with a common 
perpendicular is the line besecting this perpendicular at right angles. 

Conversely it can be shown in every case that a directed pointy a 
directed line or a horocyole equidivergent with the directed elements 
a and 73 is intimate with the symmetric {a^}. 

11. Theorem: If n, y be any three distinct directed elements 
{points or lines) on u hyperbolic plane, the symmetries {py), {ya} and [a^] 
dre co-intimate. 

In the first case let {ya} and {aJ3} have a point or a line element 
as their join. Call this element p and associate a fparticular direction 
Mth it. p xs then a directed element intimate with the symmetric 
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between the directed elements y and a, p -is therefore equidivergenfc 
with y and a, Similarly p is equidivergent with a and /3. It follows 
from Art. 8 that p is eqiiidivergent with. ^ and y. Hence p must be 
intimate with the symmetric {iSy}. The symmetries {a^}, {/?y}, {ya} 
are therefore co-intimate each being intimate with the common 
element p. 

Next suppose that the join of [yaj.and {a^} is a horooyclic element 
H. H is then equidivergent with y and a being intimate with the 
symmetric between them Similarly H is equidivergent with a snd /3. 
It follows from Art. 9 that H is equidivergent with /5 and y. It must 
therefore he intimate with the symmetric {/5y}. Hence the symmetries 
{a/3}, {jSy}, {ya} are co-intimate each being intimate with the common 
element H. 

12. Spmmahy of Casfs 

The following are the moi’e important cases of the general theorem 
proved. 

Case I. If (t triad consists of three points A, B, 0, then 

(a) The right bisectors of the lines BO, CA and AB either meet at 
a point, aie all parallel in the same sense, or are all perpendicular to a 
common line. 

(h) The right bisector of BO meets at right angles the line joining 
the mid-points of CA and AB. 

Case TL If ci triad consists of a straight lino I and two points B and 0 
lying on the same side of itj then 

(a) The principal line of B and I, the principal line of c and Z, and 
the right bisector of BO either meet at a point, are all parallel in the 
same sense, or are all perpendicular to a common line. 

(Z>) The principal line of B and I meets at right angles, the line 
joining the mid-point of BC with the pnncipal point of c and I 

(c) The right bisector of BC meets at right angles, the line joining 
the principal point of o and I 

Case IIL If a triad consists of a straight line I and two points B and 0 
lying on opposite sides of then 

(a) The principal point of B and Z, the principal point of 0 and I, 
and the mid-point of BO lie on the same straight line* 

7 
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(h) Ihe principal line of B and I, and the principal line of C and Z 
possess a common perpendicular passing through the mid-point 
of BC. 

(c) The right bisector of BC and the principal line of 0 and i 
possess a common perpendicular passing through the principal point 
of B and I ^ 


Case ir. If a triad consisis of two points B and U and a line I passino 
through one of the points {say B), andif BLisdrawnperdendicmlarto l 

L ly%ng on the same side of I as 0, then ' 

_(a) The right ^bisector of BC and the prinoial line of C and Ure 

either both parallel to BL or possess a common perpendicular parallfel 

r ^'7, joining the mid-point of BC with the principal point of 

C and Z is parallel to BL. 

• the principal point of C and I to the 

right bisector of BC is parallel to LB, 

(d) The perpendicular from the mid-point of BC to the principal 
line of C and Z is parallel to LB. 1 ^ P 

0,m V. If ^ . j 

m the same sense or are all perpendicular to a commol line ' 

(^) The right bisector of PQ meets at right angles the Hn« ■ • ■ 

a. p™-p.i p.i„i A ^ 

(c; The principal line of A nnH « ^ ^ / 

joining the mid-point of PQ with the principal poinr^f "" 

Case VI If a Mad consists of a moint A t,. t 
^ on perpendicular PQand iff,. Une ^n.li: Z:frt::Tn 

(6) The principal line of A and it, and the principia line t i 

« P»..e. a common p.rpe.di.nW p.e,i., 
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(<•) The right biseotor of PQ and the principal line of A and m 
poijeess a common perpeudictilar passing through the principal point 
of A and n. 

Gase V//. If a triad consists of hvo luies m and n with a common 
perpe7idic?ilar PQ, aiid n point A lying on m and if AL he draioii perpen- 
dictdar to m, L lying on the same side of m as n, then 

(а) The right bisector of PQ and the principal line of A and 7 i 
are either both parallel to AL or possess a common perpendicular 
pai^allel to AL. 

(б) The line joining the mid-point of PQ with the principal point 
of A and w is parallel to AL. 

\c) The perpendicular from the mid-point of PQ on the principal 
line of A and n is parallel to LA. 

{d) The perpendicular from the principal point of x\ and to the 
right bisector of PQ is perpendicular to LA. 

Case VIII. If a< traul C 07 isisls of two parallel lines in and u and a 
point xi lying between thein^ then 

(a ) The principal line of A and m, the principal line of A and ?z, 
and the middle parallel of m and zz are either parallel in the same 
sense, meet at a common point or are all perpendicular to a common 
line. 

(h) The middle parallel of zn and w meets at right angles the line 
joining the principal point of A and m with the principal point of A 
and n. 

(c) The perpendicular from the principal point of A and n to the 
principal line of A and h is parallel to m and rz in the same sense in 
which they are parallel to each otliei. 

Caee IX. If a fraid consists of two parallel lines m and rz, and a point 
A such that m lies between A and then 

(а) The principal line of A and m, and the principal line of A and 
n possess a common perpendicular, parallel to in and n in the same 
sense in which they are parallel to each other. 

(б) The line joining the principal point of A ami m with the prin- 
cipal poitit of A and n is parallel to rn and n in the same sense in 
which they are a parallel to each other. 

(c ) The pi’incipal line of A and •//?., and the middle parallel of m 
and possess a common perpendicular passing through the principal 
point of A and vz. 
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Case X, If a iraid consists of two ^parallel lines m and n and a point 

lying on w, and if [AL he draivn perpeiidicidar to m. L lying on the 
same side of m as n, then 

(а) The pi-iricipal point of A and n lies on a line parallel to AL 
and to 71 (in tlie sense in "wliich 7i is parallel to ??i). 

(б) The principal line of A and meets at i*ight angles the line 
parallel to LA and to 7i (in the sense in which w is parallel to m). 

(c) The middle parallel of m and n, 'and the principal line of A and 
n possess a coninion pei’pendicular parallel to AL, 

(d) The perpendicular from the principal point of A and n to the 
middle parallel of m and w is parallel io LA. 

Case X/. If a traid consists of two lines OA a7id OB, meeting at the 
point 0, and another pomt (J lying in the angle AOB , thm 

(a) The internal bisector of Z AOB, the principal line of G and OA 
and the principal line of 0 and OB, either meet at a point, ai^e all 
parallel in tlie same sense, or are all perpendicular to a common line, 

(b) The intexmal bisector of Z AOB meets at right angles the line 
joining the principal point of 0 and OA with the principal point of C 
and OB. 

(c) The external bisector of Z AOB, and the principal line of C 
and OA, possess a common perpendicular passing through the princi- 
pal point of 0 and OB. 

Cuifc XIL If a iraid consists [of kvo lines 0 A and OB meeting at a 
point 0, awrf another pomt 0 lying on OA, and if OL he drawn p&rpendicu* 
larto OA, L lying on the same side of OA as B, then 

(a) The inionial binoctor of Z AOB, and the principal line of C 
anti ()B are eitJicr btddi parallel to CL or possess a common perpendi- 
cular parallel to 0 1 j. 

(5) Tl»r porpondicular from the principal point of C and OB to the 
(sxiernanHsoctor of the Z AOB is pai'allel to CL, 

(r) The OKtmiul bisector of Z AOB and the principal line of 0 
nrul OB uro eit hin both pm’allol to IjC or possess a common perpendi- 
cular jmrnUcI to IA‘. 

(d) The perpendicular front the principal point of C and OB to tho 
intcxmal biarct<U' of Z AOB is pHiallel to IXL 
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Gase XIII. If a triad consists of three lines BG, GA a7id AB meetuig 
at the •points i3, G then 

(a) Tbe internal bisectors of the angles BAG, GBA and ACB meet 
a point, 

(ft) Tbe internal bisector of i BAG and the external bisectors of 
Z GBA and Z AOB, either meet at a point, are all parallel in the same 
sense, or are all perpendicular to tbe same straight line. 

Gase XIV. If a Unad consists of two parallel lines AL and BM, and 
a line AB meeting the two foirmer lines at A and B, then 

(a) The internal bisector of Z BAB, tbe internal bisector of 
ZMBA and the middle parallel of AL and BM meet at a point. 

(ft) The external bisector of ZLAB, the external bisector of 
ZMBA and the middle parallel of AL and BM either meet at a point, 
are all parallel in the same sense or are all perpendicular to the same 
straight line. 

(c) The internal bisector of ZLAB and the external bisector of 
Z MBA possess a common perpendicular parallel to AL. 

Gase XV. If a triad co7isist$ of tivo lines AL and BM having a 
eommo7i perpendicxtlar PQ, and a line AB meeting the two former lines at 
A and and if L and M lie on the same side of AB^ then 

(a) The internal bisectors of Z LAB and Z MBA, and the right 
bisector of PQ either meet a point, are all parallel in the same sense 
or are all perpendicular to a common line. 

(ft) The inteinal bisector of ZLAB and the external bisector of 
ZMBA possess a common perpendicular passing through the mid- 
point of PQ. 

Case XVI. If a triad consists of two linos OP a 7 id OQ meeting at 0 
and another line LM stick that PL is a common perpendicular to OP and 
LM vid (2M is a common •perpendicular to GQ and LMj then 

(a) The internal bisector of Z POQ, the right bisector of PL, and 
the right bisector of QM meet at a point. 

(ft) The internal bisector of Z POQ meets at right angles to the line 
joining the mid-points of PL and QM. 

(c) The external bisector of Z POQ and the right bisector of PL 

possess a common perpendicular passing through the mid-point of 
QM. 


s. MUKHOPADHYAYa AXD R. C. BOSIii 

OaseXVII. If a triad comists of three lines AB, G I) and EF such 
that AO is a common perpendicidar to AB, and CD, BE is a common 
perpendicular to CD and EF and FB is a common perpendicidar to AB 

and EF, and if every two of the lines lie on the same side of the third 
then, 

(cz) The right bisectors of AG, DE and BP either meet[]at a point, 
are all parallel in the same sense, or are all perpendicular to a common 
line. 

(6) The right bisector of AG meets at right angles the line joining 
mid-points of BF and DE. 

Case Xym, If a triad consists of three lines, a, h, c, every two of 
the lines possessing a common perpendicular, and two of the lines, say h 
and c, lie on opposite sides of a, then 

.. (^) Fhe mid-points of the three common perpendiculars lie on the 

same straight line. 

(6). The right bisectors of any two of the common perpendiculars 
themselves possess a common perpendicular, which passes through the 
mid-point of the third common perpendicular. 

Bull. Oal. Math, Soc. Vol. XVII. No. 1. 
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Two 5.RYABHATA8 OP Al-BIBTJNI 
By 

Bibhutibhusan Datta 
(University of Oalcutta) 

Introduction 

It has been stated by Al-Biruni,* in 1030 A. B., that there were 
two Indian astronomers bearing the same name Aryabhata. One of 
them he has distinguished as “the elder Aryabhata ” and the other, 
consequently the younger, as “ Aryabhata of Kusumapura.” He haj 
warned his readers not to confound between the two and has further 
added that the latter belonged to the “school” of the former, “he 
belongs to his followers, for he quotes him and follows his esample ” 
(I. 246). Ho Indian writer, before the celebrated BhSskarSchSiya 
(6. 1114 A. D. ), has any reference to two Aryabhatas. Even in the 
case of BhaskarachSiya, the reference is an indirect one. It will be 
shown later on that the references of Al-Birnni and of Bhaskaracharya 
are not to the same two writers. Hence the statements of Al-Biruni 
require a very close scrutiny, especially in view of the fact that, on the 
basis of them, an attempt has been made in recent years to deprive India 
of much of her originality and antiquity in Astronomy and Mathematics 
by creating an element of doubt about the date and authorship of a book 

by one of Her earliest known astronomers and mathematicians of note, 

Aryabhata. The attempt originated with Kaye t and has subsequent- 
ly been much ecoentuated by Smith. In his recent book on the history 
of mathematics, in noticing the works of Aryabhata the elder— he has 
very little or almost nothing to say of the younger Aryabhata— on no 
less than five occasions. Smith has warned his readers not to forget 
the so-called uncertainty about the date and authorship of the Qatdta, 
a section of his works, t Smith as also others seems to have been 
influenced by Kaye who would find foreign influence, particularly the 

• AI.Bimni’s India, English trans. by Saohau, Tols. I & ir, London (1010). 
t Kaye, Aryabhata, Joum. Asiat. Soe. Seng. (1908), p. Ill, 
t Smith, Siaiory of JIathematiea, Vol. I (1923), & Vol, 11 (1926), p. 166- also 
the footnotes on the pages I. 158, 168 ; 11. 379, 444. Cf. also p. 808. ’ 
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Greek, in all Indian writings.* Al-Bimni’s statements, tkongh 
occasionally emphatic, do not bear the scrutiny of higher criticism 
and will be found almost confusing in the light of that. 


Worlis of Aryabhafa 

Al-Biruni has attributed three works to Aryabhata — without speoi- 
fying which of the^two writers of the same name has been meant — viz,, 
Dascigitika, ATyd,^t(is(^t^ and Tantra, The first two treatises have also 
been referred to by Brahmaguptat and ALBiruni must have first learnt 
of them from his works (c/. 1. 306j. For he has stated that none of 
these works were available to him and that all his knowledge about 
Aryabhata was derived “ through quotations from him given by Brah- 
magupta” (1.3703. The other work has not been* noticed by any 
previous Indian writer and we have no further information about it. J 
After Brahmagupta, the works of Aryabhata are known to have been 
alluded to by Bhattotpala (966 A. D.), Prithudaka-Swami (c. 975 A.D.), 
BbSskaracharya (b. 1114 A, B.) and most of his scholiasts such as 
GanesU) Muniswara and Jfianaraja who lived about the sixteenth cen- 
tury of the Christian era. It appears from the quotations of these 
writers that Aryabhata’s treatises were in their hands. They were, 
however, lost in subsequent time and in the beginning of the nineteenth 
century^ Colebrooke wrote : “A long and diligent research in various 
parts of India has, however, failed of recovering any part ... of the 

* To gauge the effect of Kaye’s propaganda against Indian BTathematioa, tt^ 
fallowing papers may also be consulted: F. Oajori, “ The Controversy on the Origin 
of our Numerals,” adentific Monthly, IX. 468 : L, N. G. Filon, The Beginnings of 
Arithmetic,” Math. Qaz. (1926), p, 413, 

•f* Brahmagupta, Brahma-sphuta^siddh^Tita, ed. Pandit SudhakaruiBvivedi, B^iarea 
(1902), oh. XI, verse 8. Also compare the whole chapter. 

J Lassen {Indische Alterthumshunde, ii. 1136) was of opinion that by Tantra Al- 
Bimni referred to a commentary of the Surya-siddhanta hy Krj&h}i 2 it& (c/. Wilson, 
Machenffie Oolleotion, i, 119) and in this respect he has been further corroborated ty 
BhSu BAjt (vide infra). This surmise is not at all free from doubt. For no Indte 
writer anterior to Al-Biruni or even to BhSskarSohSrya is known to have alluded to 
such a book 5 nor was a copy of it in the hands of Al-Biruni. What is then the 
BOtiree of his information about its existence ? Just before his statement about a 
Tantra by Aryabhata, Al-Biruni has written that there were two classes of literature 
— Tantra and Karana— slightly inferior to the Siddhantas. It might be that by 
Mantra ’Met simply meant a work of that class. And we know on the testimony of 
Brahmagnipta and others that the Afyahhatiya consisting of the J)a$agitikd md 
Aryafea^atannTantrcir 
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Algebraic and other works of Aryabhata.’’ * The Taatniscripts of the 
Dasagitiha and the ArycibhaHya were unearthed for the first time by 
BhSu Daj! in 1864.t He detected in them almost all the references 
and quotations from the works of Aryabhata by later Indian writers. 
So Bhau Daji pronounced his manuscripts to be genuine copies of fcHe 
original treatises of Aryabhata, According to the accounts given in the 
opening verse of the Qa^dta and in the tenth verse of the Kalakriyd, two 
sections of the Aryahhafiya, the book was composed by Aryabhata at 
Kusumapura in the year 499 A. D., at the early age of 23. So he was 
born in 476 A. D. j and this dabe has now been generally accepted by 
scholars. The AryahJiatiya is the name given by the author to his 
treatise. 

Praise of Aryabhata and his f olloicers 

Al-Biruni seems to have been full of admiration for Aryabhata and 
his followers, who gave him “ the impression of really being men of 
great scientific attainments ” (I. 227). He accuses Brahmagupta for 
undue harshness and animosity against Aryabhata; for he writes ; “ Now 
it is evident that that which Brahmagupta relates on hie own- authority 
and with which he himself agrees is entirely unfounded ; but he is 
blind to this from sheer hatred of Aryabhata, whom he abuses excess- 
ively He is rude enough to compare Aryabhata for a worm which 

eating the wood, by chance^describes certain characters in it, without 

understanding them and without intending to draw them In 

such offensive terms he attacks Aryabhata and maltreats him” (I. 376), 
These are very harsh words indeed. On another occasion Al-Biruni 
remarks that what Brahmagupta thinks to be a fault of self-contra- 
diction by Aryabhata is really a fault of the text, not of the author. 
(I. 168i) Referring to a quotation from Aryabhata by’ Balabhadra 
(I. 244-46), Al-Biruni criticises him in strong words and shows that 
“All that Balabhadra produces is foolish both in words and matters.” 
Again at another place .* ‘Mo Balabhadra it is just as easy to prefer 
tradition to eyesight, as it is difficult to us to prefer doubt to a clear 

proof. The truth is entirely with the followers of Aryabhata. ” 

(1 227), 

In this way Al-Birutii has defended Aryabhata against the calumny 
and misrepresentation of his unfair critics and that shows his faith ill 
Aryabhata and his high scholarship. On the other hand he accuses 

* Oolebrooke, Miscellaneous JEasays^ ii. 380. 

t Bhffiu DSji, “ Brief Kotes on the Ape and Authenticity of Aryabhata, etc., “ 
7otirn. Boi/. Asiat. Soc, (1864), p. 392. 
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Brahmagupta who, inspite of being the most distinguished of the 
Indian astronomers, has, in his opinion, consciously sacrificed the 
true science hy muddling it up with the PaurSnic legends and 
popular superstitions, probably to escape those dangers which cost 
Socrates his life (I. 110 sqq.). Owing to all these rarious reasons, 
it is very likely, that there grew up in Al-Birnni’s mind a lurking 
suspicion if Brahmagupta had rightly quoted Aryabhata. For he 
has thrice complained for not having got a copy of Aryabhata’s work 
(1. 370; II. 16, 33) and each time on an occasion of writing about his 
teachings depending on the quotations by Brahmagupta. 

The Booh of j^ryahhafa of Kusumapura 
Al-Biruni has several times referred to a book of Aryabhata of 
Kusumapura* (1. 176, 246, 316, 370) and in such a manner as to indi- 
cate that he had a copy of the book in his hand. Sachau thinks that it 
was a Sanskrit “ book by Aryabhata, Junior ” (I. Pref., p. xxix ; of. 
p. xl). That is very doubtful. For we miss any such book in the list 
of Sanskrit works on Astronomy, Astrology, etc. (1. 152-8) which were 
either seen by Al-Biruni or which came to his knowledge. The list 
contains only three books by one Aryabhata, viz., the Ba^agitiha,, the 
Arya^asata and Tmtra. It will be noticed that the list is nearly 
accurate as regards the works of VaiShamihira, Brahmagupta, and of 
Bhattotp^a. Besides, the list contains the works of several other 
mmor writers. It cannot be said that he meant one of the first two books. 
We have already heard of his complaints in this respect. Further had 

it been so, it should have occurred to a critical reader like Al-Biruni 
to compare Brahmagupta’s quotations with his copy. On one occasion 
(1. 378) ho has, however, Preferred to a small book of Aryabhata of 
Kusumapura. Sachau failed to decipher the correct reading of tke title 
and took it to be Al-nif (?). This is probably the Arabic rescension of a 
book the Sanskrit original of which cannot be recognised now (vide infra). 
We do not know if the quotations attribute'd by Al-Biruni to Aryabhata 
of Kusumapura have been all culled from this book. There is at least 
one which, however, seems to have been taken from Balabhadra. That 
the book was much mutilated in translation and became full of errors, 
is at once clear from the attempt of Al-Biruni to amend it here and 
there (c/, 1.146 i.t 

r Are we to infer then that the AryMatlya is the book of the elder Aryabhata? 
Kwfe »n/ra, p, 73. ^ * 

t AWt the introduction of iryabhafa’s works into Arabia, see Oolebrooke, loo. 
c»t. pp. 424 sq., 4«4 sq. 
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The Arya-siddhanta — its Date 

There is another work called the Arya-siddhdnta by an author who 
calls himself Aryabhata.* This is a larger work of 18 chapters and 
hence is sometimes called nhe Maha'-^A'^ycL-siddhdnta or simply the 
MahdsiSdhdnta by contrast with the Aryahhaplya which is smaller and is 
then called the DaghumJ^rya-siddhanta, In 1863, from an inspection of 
two imperfect copies of the manuscripts of the Arya-siddJidnta, 
Hall annouuced that “ as reference is made in the A^ya-siddha/nta to 
Vriddha Aryabhata, there should seem to have been two writers called 
Aryabhata, t This guess was subse(][uently confirmed by Kern with the 
remark that the Arya-siddhanta is a very poor production of a later 
writer. He even suggested Aryabhata to be only the younger astro- 
nomer s ** nom de plume,^^ J The oriental scholars have difEered widely 
about the age of this writer. According to Bent]ey,§ he lived in the 
beginning of the fourteenth century A.D. Bhau Daji accepted Bentley. 
Both of them were wrong. For this writer has been certainly alluded 
to by BhaskarScharya (&. 1114 A.D.). || So he must be anterior to the 
latter. Prom similarity of the treatment and of forms of certain 
results in the Arya-siddhanta and Sridhara’s Trisatilcd, Pandit Sudha- 
kara Dvivedi infers that the author of the former must be posterior 
to the latter author. According to Sankar Balakrisna Dikshit, 
Aryabhata (the younger) lived about 953 A.D.** Sewell puts the date 
at about 950 A.Ditt We know it that he has not been quoted by the 
eminent scholiast Bliattotpala (966 A,D.) who has quoted a host of 
others. We miss his name in the list of Sanskrit authors and their 
works prepared by Al-Biruni (I. 152-8). If this omission can be 
counted as a determining factor as regards the settlement of date, it 
will have to be said that he is even posterior to Al-Biruni (1030 A.D ), 


"" MahdMdhanta, ©d. Sadhakara Dvivedi, Benares (1910), oh i, verse 1. 
t Hall, On the Arya-siddh<Jnta,” Jotirn, Awsr, Orient. 8oo,j vi, 669. Of, Mafia- 
aiddhantaf oh. xiii, verso 14. 

t Kern, Baiphitd, Oaloutta (1866), Pref,, p. 69. 

§ Bentley, Historical View of the Hindu Astronomy, Dondon (1825), p. 128, 

II Of. Siddhanta-^iromoiii, Grahaga^ita Spa^t^dhikara, verse 66 (Vatanfi- 
bhasya), 

IT MahMddhdnta, Contents, pp, 22-23. Aooording to Dikshita, SrTdhara lived 
before Mah^vira (863 A.D.), while aocording to Dvivedi he lived in 991 A.D. 

** Sankar Balkrisna Dikshit, History of Indian Astronomy, Poona (1896), p. 281. 
ft Sewell, The Siddhdntas and the Indian Calendar, Oaloutta (1924), Pref., p. ix. 
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Belatton between different Jiryahhafas 

It is not an easy task to determine tke relation between the two Arya- 
bhatas of Al-Biruoi, Aryabhata of the Aryahhafiya, Aryabhata of the 
Arya-eiddhanta and Vrddha Aryabhata, ifo previous writer seems to 
have given necessary and snflScient attention to the solution^of this 
which appears to be a riddle. There have been several partial, probably 
successful, attempts but none has pushed the matter through to the 
finish. What we know from the express authority of Al-Biruni is that 
the Aryahhatiya is the work of one of his Aryabhatas. Bhau Daji,* 
Reinaud,t Kern,J Weber § andiWinternitz || have all expressly identified 
it to be the work of Al-Biruni’s Aryabhata of Kusumapura who in 
their opinion was bom in 476 A-D. This is, of course, in perfect accord 
with the accounts given in the book. But all of them are silent about 
his elder Aryabhata, The only inference from their statements will be 
that he is an earlier writer. Kaye differed from them. He would 
separate the Oanita section of the Aryahhatiya. from the rest and would 
suppose it to be the work of Al-Biruni’s Aryabhata of Kusumapura who, 
in his opinion, lived in the tenth century A.D. The remaining sections 
have been attributed by him to the elder Aryabhata of Al-Biruni whom 
he has accepted as being born in 476 A.D.^ Kaye has not given any 
good reason for his speciality in the departure from the unanimously 
accepted opinion of the previous scholars. 

Oonjecture of Kaye — Unreliable 

The above supposition of Kaye will appear in a sense to be in 
keeping with the accounts of Al-Biruni as also of the Qanita, But on 
closer examination it will be found altogether untenable. First of all 
it will make the confusion worse confounded by the introduction of 
fresh complexities. Aryabhata^s work has been called the Aryd§ta§ata 


* ioc. oit 

t Reinaud, jif swr Z’lwdte, Paris (1849). 

§ Weber, Histary of Indian Literature^ trans. English by Mann and Zachariae, 
London (1878), pp. 257-68. 

II Wintemitz, Qeschichte der Indischen Litteratur, Bd. iii (1922), p. 662. 

^ Kaye, **.The Two Aryabhatas,” Bihl, MatK xiii. My knowledge of this paper 
extends up to the abstract which appeared in. the Jahrhuch ii, d, FortBchrite d. Math, 
(W9). 
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by writers posterior to him,— not by himself , —because it consists of 108 
verses in the Aryd metre. All the manuscripts so far recovered from 
different parts of India have been found to contain 108 verses including 
the Oanita, This is very significant. Kaye’s supposition will leave 
the Arydqtahata incomplete and meaningless. Hence it will be, in 
fact, creating a fresh dijB&culty in an attempt to meet one. On the 
other hand there is the open hint of Brahmagupta that the Ganita 
is a section of a work of Aryabhata whom he has criticised.* There 
are many other cogent arguments against Kaye’s conjecture. An 
exhaustive treatment of the subject of the date and authorship of the 
Ganita is, however, not possible here, so will be published separately, t 
We shall here draw attention to two more facts only in refutation of 
Kaye’s supposition. First, very little is gained by the supposition of 
Kaye, For, none of the quotations by Al-Biruni from his Aryabhat®, 
of Kusumapura is from the Ganita, whereas nearly all of them have 
parallels in the other sections of the extant Aryahhatiya as will be shewn 
later on. To explain this, new suppositions will have to be made. 
Secondly, on the testimony of Al-Biruni, the date of his Aiyabhata of 
Kusumapura is not the tenth century A.D. as has been presumed by 
Kaye, 

Probable date of Aryabhata of Kusumapura^ Testimony of Al-Birmii 

In criticising a quotation by Balabhadra from Aryabhata, Al-Biruni 
has remarked : “ I do not know which of these two namesakes is 
meant by Balabhadra” (I. 246). There is another quotation from “ the 
book of Aryabhata of Kusumapura” which Al-Biruni seems to have 
taken from a commentary by Balabhadra.^ From these two accounts 
we learn that Aryabhata of Kusumapui'a was anterior to Balabhadra. 
Unfortunately the date of this latter writer bais not been even approxi- 
mately fixed. He has been several times quoted by Bhattotpala 
(966 A.D.), so he must be anterior to him. Further it has been stated 
by Al-Biruni that a work of Balabhadra (1,246) as also a work of 
Aryabhata of Kusumapura was translated into Arabic. Kow it is known 
that ‘'the Arabs learned from India, first undwr Mansur (A.D. 76S-7'74),, 
chiefly Astronomy and secondly under Harun (786-808), by the especial! 

^ Bralima-f^rihuta-dMhanta^ c\i. "rexse 4^^ 

t See the author’s forthcoming paper, “ Aryabhata, the author of the Qat^ita*^ 

Z C/. Saohau, 11* 827. Sachau seems to suggest that the quotation is from the 
Arahio translation! of Balabhadra’s oommentazy on the S^haip^a^Khadyaha of 
Prahmagnpta. 
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influence of the ministerial family Barmak, who till 803 ruled Muftlim 
world, specially medicine and astrology.” ^ Soon afterwards ** Ambic 
literature turned ofl! into other channels. There is no more mention 
of the presence of Hindu scholars at Bagdad nor of translations of the 
Sanskrit. ”t The works of Balabhadra and Aryabhata of Knsnmapnm 
were thus probably translated during the first period. Hence both of 
them must at least belong to the seventh century A.D. An allowance of 
fifty years to reach the reputation of a writer to a foreign country is not 
too much. Brahmagupta also lived in the same century (628 A.D,). 
As Balabhadra wrote a commentary of his Khanda-Khdflyaka (665 A.]>. ) 
and BrahTna-sphuta-siddhanta be must he assigned to the latter <j«art 0 r 
of that century. Aryabhata of Kusumapura then must either be a 
contemporary of Balabhadra or anterior to Brahmagupta. Tt can 
hardly be accepted that a commentator of note like Balabhadra would 
commit such sad mistakes, as pointed out by Al-Biruni who had a copy 
of Balabhadra’s hook, in referring to a contemporary author. They 
must have been widely separated in time. So I am inclined to take 
Aryabhata of Kusumap ora to he even anterior to Brhamagupta. The 
subsequent discussion will also show* this latter alternative to be more 
probable. In any case we get it for certain on the testimony of 
Al-Biruni that his Aryabhata of Kusumapura must have lived before 
the eighth century. Hence the speculation of Kay© becomes untenable 
almost on every account. 


The irya-siddhanta not a work by any Aryabhata of AUBimni 

In the midst of the aforesaid speculations and suppositions, it is 
very refreshing to^ stumble upon a surer fact, a clear and unambiguous 
decision. It is this : the author of the Ary a-siddhUnta m not identical 
mth the author of the ; he is a person distinct from the 

either Aryabhata of Al-Biruni. It is important to note this here lest 
one takes it to suggest that as one YarShamihira is the author of a 
ybu^Maka and a Brhajjataka, so one Aryabhata might be the author 
of ^ Laghu-Arya^dddhanta as weU as a Maha^Arya^nddhdnta. To prove 
ow proposition, the following chief reasons are adduced:— (1) 

Witt .hnost .U ft, Mlrooomer,, ^ 


* Saohau, loc, cii, 11, 313. 

t Ibidf Pref., p, xxxii. 
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Irya-dddhanta-. on the other hand there are few which are contradictory 
to it. (2) There is nothing in the Atya-siddJiMnta, nor anything has 
been disoorered elsewhere, to suggest that its author had at any time 
^ytkngto do with Kusnmapura. (3) The author of the 
has foUowed the orthodox 8rrmUs* whereas the author of the 
Aryahhatiya has differed from them in several important matters and 
this 13 the mam cause of Brahmagupta’s fulminations against him 
( 0 /. 111). Some even suggest that the former has attempted to 

amend the defects of the latter as pointed out by Brahmagupta.t (4) 
The two authors have stated different and sometimes even contradictory 
results in many oases, such as, the arithmetical notation, $ the value 
of 7p; the rotation and dimensions of the Barth, the division of 
the ftolpa into the number of revolution of the planets in a 

caturyuga ; the number of years in the different yugas ; the volume of a 

triangular pyramid and of a sphere; etc. C5; In some cases, though the 

tw authors have given the same correct results, the forms given are 
different, e.g., the area of a triangle and a circle, the sum of a Progres- 
sion and connected results ; etc. (6) Another very important diffeLce 
IS that the author of the Arya-siddkamta has mentioned of the 
precession of equinoxes whereas it has been overlooked by the author 
oi ihQ A'ryahh.atiya and other writers who followed him up to the 8th 
century. The number of illustrations can be multiplied at pleasure 
.but jointly with what have been stated before about the probable date 
o the different authors, those enumerated above are thought sufiScient 
to prove our contention.§ 


* (//, Oh. ii, verse 1. 

t Gf. Santar Balkrisna Difcshit, Zac, cit, p. 231 . 

.r.1 ® that the author of the Arya-smbS^ has 

e ployed the great iryabhBta’speouUar systeiu of arithmetioal notation.” It is ' 
true that both had had teooarse to alphabets for arithmetical notation; but their 
systeiua are altogether different. 

§ 0/ Jogeshohandra Boy, AmSier JyoUft o JyoUfa, Oaloutta (1908), pp. 281-188 
^y remarlm thaUhe author of the ha. followed the Lft-to-rS 

has Lpt to Z the author of 

has kept to the right-to-left mode. Hi. second statement is not strictly teas, for 

on olosere^mination it willbe found thatthe latter vriter has follow^ dffllwnt 

modes m difterent instancss and in some he has mixed up the two modes. In fact, 

.1 u w- ih his notation This is so far as the 

p a etaoal numeral notation is oonoerned, la oertain Sections of his hoofc, the 

^ employed word symbol numerals whsre the usual 
right-to-left mode has been adouted, 

% 
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Vfddha Aryabhata 

Almost all the writers are iLnanimous in identifying Vrddha 
Aryabhata of the Arya-siddhMa with the author of the Aryahhatzya^ 
Al-Biruni’s Aryabhata of Ktisumapura, But Sudhakara Dvivedi 
thinks him to be a different person.* Though he has not pushed the 
matter further towards the identification of the exact person,— it is 
not an easy task, indeed — there seems to be at least some truth in his 
tpnjeoture. The author of the A'^yct-siddhanta says :t 

“ Thus for the good of others, the celestial mechanics is spoken in 
my own words ; part equal to the ancient science (agaraa) is spoken, 
should read it, none else. 

“ What from the Siddhmfa profounded by Vrddha Ai'yabhata had 
been distorted in recensions, through long ages, I have specified in my 
own words.” 

In short, on his own accounts, his work is a revised edition of the 
work of Vrddha Aryabhata with necessary emendation of variant 
rea^ngs, parts rewritten and parts retained in original. Hence there 
should be expected more than a general resemblance between the 
writings of the two authors. But it has been just pointed out that 
there are fundamental differences, of principles as well as of results, 
between the two books; no part, not a line, is common. It can be 
even suspected if the two authors do really belong to the same school. 
It. is stated by the author of the ATyamsiddhdnta that his teachings are 
alike the teachings of Pariisara and the two Siddhmtas^ his and 
Para§ara’s, were written when a little of the Kaliyuga was passed.} 
By his he must have meant the SiddMnta which he was 

editing, Now it is believed that the Para^a/ra-siddhanta was recast 
into its present form before the beginning of the Christian Era, § Hence 
Vrddha Aryabhata lived, in all probability, near about that age. Too 
much compactness of the sometimes even to become 

ambiguous and unintelligible, || has led Some writers to suspect that its 
author had before him another larger and detailed work from which 
he had made an abridged handbook.1f I^ it .the work of Vrddha 

; 0/. Contents, p. 22. 

-. . f Afa?i5-8iddhawia, Oh. xiii, verses 13, 14i. 

; J Oh. ii, verses 1, 2, 

; § *Jogeschandra Boy, loc. c^^., p. 66. The ongmal Siddhanta is believed to haV^e 

beenr composed many centuries ©arKer, 

. II . Brahmagupta has drawn attention to it on several occasions ; vide Bradimu* 
^^hv4^-?iddkdnta, it 19, 33, 47 v. 21, 26 5 Khanda^Khadyakay ii. 10. 

•|f C/, Kaye, “ Aryabhata,” p. 116; Fref, p. vi sq. 
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Aryabhata P There are certain other facts in support of this conjecture ■. 

It has already been stated that Brahmagupta had strongly denounced^ 
Aryabhata in the Brdhma-sphuta-siddMnta, This book was written in 
his early days at the age of 30, in 628 A.D. In his later years (665 A.D.) 
he wrote a Karana, the Klianda-KJiddyalia, with the object of giving 
results equal to those of Aryabhata and of bringing them up-to-time.* 
It is strange to find a confirmed and unrelenting critic to follow the 
footprints of his erstwhile adversary in later years. It has been suggested 
that the change came under the pressure of public opinion. A very poor 
compliment to the genius of Brahmagupta, the most distinguished of 
Indian mathematicians and astronomers, before Bhaskarixcharya ! And 
still more so when we know it for certain that there was no persecution 
in India for convictions, spiritual or temporal. Moreover, curiously 
enough the dimensions pf the epicycles and the positions of the 
apogees assumed in the Khanda-Khadyaka (as well as in the sixteenth 
chapter of the Panca-siddhantika) differ, all of them, more or less from 
those recorded in the Laghu-Aryabhatlya.” t All these incongruities 
will clarify on the supposition that Brahmagupta followed Vrddha 
Aryabhata who is not the same as the author of the j^ryahJiafiyci^ 
It should be remarked that we do not fi.nd anything in the Khanda- 
Khadyaka which may be put against this supposition. Vrddha 
Aryabhata should be a follower of orthodox Smritis like his follower, 
the author of the ATya-siddhania, We cannot say if he was the elder 
Aryabhata of Al-Biruni. It is more likely that the author of the 
Aryadddhanta alluded to the author of the Aryabhafiya as having 
destroyed the teachings of Vrddha Aryabhata in his recensions by going 
against the Smntia and introducing other innovations. We do not wish 
to proceed further with the discussion in this place. We only remark 

that in this way we shall get three mathematicians and astronomers 

bearing the same name Aryabhata instead of two as heretofore 
believed. 

Analysis of Al-BiTUfii^s quotations 

We shall next proceed' to scrutinise all references by Al-Biruni to 
Aryabhata, whether the elder or the younger, either by a simple 

mention of the name or by quotatioa of a passage meant to represent 

his teaching, and see what can be gathered out of them. There are 

• ed. Pandit Babua Misra, Oalontta TTniversity (1926), Oh. i, 

verses 1, 2. , x 

t Pa'^asiddhanhKa, ed. Thibant and Dvivedi, Benares (1889), p. xx., cf. the note 

by Sohram, Saohau, II* 367. 
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altogether 38 such references ; of these 15 are simple mentions of tbe 

name yabha^a and the remaining 23 are meant to represent tbe 
teachings of Aryabhata. 


Firstly, analysing according to the sources, we find that AbBiruni 
has drawn from the following sources ; 

(1) Quotation by Brahmagupta 

I. 166, 168«, 276, 280, 370, 373, 376, 377, 386“> ; 

IT. 16, 17, 33, 111, 190(?). 

(2) , Quotation by Balabhadra : — I, 244*, 245, 246®. 

(3) Quotation by Puliga : — I. 266, 275 (?). 

(4) Quotation by the Arabic writer, Abu-alhsan of Al’ahwas:— 

II. 18, 19. 

(5) “Book of Aryabhata of Kusumapura”— 1. 176, 246,316,330, 

335, 370. . . , . 


(6) Unknown Source I. 156, 167, 225, 227, 267, 268®. 

iio • g*'oup are included all those references which could not 

? other groups. It should, however, be 

1. ^ k *. .5 ^ passages (I. 225, 227) which have 

been stated to be embodying the opinion of “the followers of Arya- 

n probably from the 5th source. Two references 

(1. 156, 157) are simply to the name, Aryabhata. 

Secondly, analysing according to authorship, we get, 

(1) Aryabhata the elder: — 1.246,370*. 

(2) ^abhata of Eusumapura:— I. 176, 246, 316, 330, 335 370. 

(8) Ar^bhata:-!. 156*, 157, 168*, 225, 227, 244, 245, 246*,' 266, 

11.16,17, 

xbj 19, Oo, 111, 

find that a great majority of Al-Biruni’s references cannot 
be ^eotly assigned to the one or the other of his two Aryabhatas, 

1 f .rjf ’ references to “the followers of 
^abh^a It cannot be ascertained who have been meant by 


(, owpansoK mVh tfee UiWepowofes erploiwed 

_ On compariaon with the extant Aryabhatiya, it is found that almost all 
e.^otafaons by ALBiruni have parallels in that book. In some cases 
^ Tlins ^e can restore the correct reading 

0 a on word occurring in a quotation from Al-ntf (1. 370 * 71 ). 
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Sachau reads it with a query as durtama ; while the correct reading 
according to the Aryahhafiya should be duhsama,’^ It should be 
remarked that the quotations of this class are directly from the hook of 
Aryabhata of Kusumapura which Al-Biruni had with him. In the case 
of others which are taken from secondary sources agreement is not so 
exact. In a few, a sentence or a part of it agree completely but it is 
mixed up with other useless or wrong mattei’s for which Al-Biruni has 
reprimanded his authorities. Sometimes it is the practice with Al- 
Biruni to put his own explanatory words in the mouth of his authority 
and to pass them as original quotations (c/. I. 76 j II. 110-11, 337). In 
such cases agreement will be more in ideas than in words. In one or 
two instances of this kind a few wrong words have crept in. Thus in 
the book of Aryabhata of Kusumapura, the names of the eighth and 
ninth “places” in the arithmetical numeration have to be called 
padma and Parapadma respectively whereas in the Aryahhafiya they 
are Kofi and Arhuda, It may be noted that there are “places” such as 
Padma and Maha-padma. Again in a list of nine datas prepared by 
Al-Biruni from Abu-alhasan of Al’ahwas, giving the revolutions of the 
planets according to Aryabhata — the years of aUarjhhar, i.e., catur- 
yii.ga ^’* — what have been recorded as the revolutions of the planets 
Mercury and Venus should be, in fact, the revolutions of their apses. 
It may be noted that the translator have been led into this error by 
his defective knowledge of Sanskrit. For even in the original these 
have not been expx’essly stated as such only to save repetition. One 
quotation has been condemned by Al-Biruni as being mixed up with what 
are foolish (T. 244). t There is another (I, 816) which must be a fabri- 
cation. X These little discrepancies might have been due to the text 

* Aryahha(iya, Kala-Kriya-pMa, verse 9. 0/. Oafiaha Taranginij p, 7. 

t Leaving out the foolish additions, we get a parallel in the for 

the substratum. 

{ Kern has not suspeotod the correctness of this quotation and, on the other 
hand, considers it from a book different from the Aryahhafiya it does not contain 
it. The passage in question is from a book of Aryabhata of Kusumapura and it con- 
tains a reference to Prithuswflmi, who is no other than the eminent scholiast of 
Brahmagupta, Prithudaka-swflmi. He lived about 976 A. D. If this statement of 
Al-Biruni be correct, Aryabhata of Kusumapura must have been a contemporary of 
Al-Biruni and in that case his acquaintance with the original should have been more 
thorough. But it has been shewn elsewhere on the basis of accounts given by Al- 
Biruni himself, that Aryabhata of Kusumapura lived before the eighth century at 
the latest. That is why we consider this quotation to be a fabrication. Dikshit 
suggests that Al-Biruni might have taken it from a commentary of Aryahhaja and 
confounded it for an original passage. 
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of Al-Biruni, or to fhe Arabic translators of the original Sanskrit 
works, or to tbe copyists. His Indian informants might have been 
responsible for some of the dilatations and distortions. But such 
faults are not unusual. Al-Biruni has drawn attention to several such 
instances some of which he has amended. Referring to Alfazarl and 
Yakub Ibn Tarik who introduced Indian Astronomy into Arabia (c. 
772 A. B.), Al-Biruni remarks that they even misunderstood the word 
Aryabhata (II. 19) and further adds : “If we compare these secondary 
statements with the primary statements of the Hindus, we discover 
discrepancies, the causes of which is not known to me,'^ (II, 15 ; of. L 
246, 308), About Arab manuscript tradition he remarks: “The Arabic 
copy seems to be corrupt like all other books of this kind which I 
know. Such corruption must of necessity occur in our Arabic writing 
more particularly at a period like ours, when people care so little 
about the correctness of what they copy” (I. 162-3). Making due 
allowances in view of the remarks made above, it must have to be ad- 
mitted that agreement is more than what can be ordinarily expected 
under similar circumstances. We, however, do not find parallel for 
one quotation in the extant J.ryahhatlya (I. 225).“^ It will be noticed 
that the passage is more of the nature of a philosophical speculation 
than an astronomical fact. However, leaving out the two fabricated 
pieces, we find parallels in the extant Aryahhafiya for twenty quota- 
tions of Al-Biruni out of a total number of twenty-one. Hence we 
come to the conclusion that, though Al-Biruni has collected about 
Aryabhata from various sources and under different designations, the 
A'f'yohhatiya is the prime source of all his informations. 

Aryabhata of Kusumapura — a Myth 

Our next attempt shall be to ascertain the authorship of the 
Aryabhafiya to which, it has been just shewn, all the quotations of 
Al-Biruni, in the name of either of his Aryabhatas, can be traced. 
The author was certainly, anterior to Brahmagupta who, it has been 

* It is a quotation from Brahmagupta referring to “the followers of Aryabhata.” 
1 fail to trace it in the Brahma-sphuta-Mdhanta and tb e Khanda-KKadydka* There 
are other similar quotations attributed to Brahmagupta which ar^ not found in his 
work's. There are some which have been much dilated. We learn from BhSskarS- 
chfirya (8iddhanta Sir omani, Madhyam5dhikara, KakgSdhySya, Sloka 2) that such 
were the opinions of the Puranas. So it appears that Al-Biruni has thrust the 
words of thfe Puranas into the mouth of Aryahhat?a through Brahmagupta. Hence 
neglecting this, the agreement is complete. 
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alroacl;5r stated, lias mentioned by name tbe two parts of it, mV,, the 
Ikiidg^tihci and the A^ya^taSata, And it appears on a closer examina- 
tion of certain passage (I. 370) as if it is the hint of Al-Birnni that 
Ihnihmagnpta has quoted “ the elder Aryabhata.” Who is then his 
Ai*yti*bliata of Kusumapura P A1 -Biruni’s assertions about his 
ftopai'fxte existence are emphatic. But facts as given by him do not 
warrant such an assumption. For all quotations in the name of the 
latTiCi* ax’e found in the book of the former. There is no doubt that 
thoro existed in India, before the time of Al-Biruni, at least two 
authors, by name Aryabhata, one of whom was born in 476 A.D. and 
the otlier lived about 950 A.D, But there is absolutely nothing to 
indicate that Al-Biruni was acquainted with the works of the latter 
aaihoi' ; for none of his quotations from Aryabhata of Kusumapura 
has itny parallel in the work of this author ; on the other hand, there 
in at least one quotation which is directly in contradiction.* Further 
it ha.B been shewn on the testimony of Al-Biruni that his Aryabhata 
of Ktxsumapura cannot be put to such a late age as the tenth century. 
1 h Aryabhata of Kusumapura ” then a different Aryabhata ? Such an 
inference would not be at all safe. It is also noteworthy that there 
in ut> I'eference to two Aryabhatas in the works of Indian writers before 
the celebrated Bhaskaraoharya, Under the circumstances it appears 
to lYXo that Al-Biruni’s Aryabhata of Kusumapura is a pure myth, 
the one and the same individual has been stated by confusion as 
two distinct persons. Sankar Balkrisna Dikshit is almost of the 
same opinion.t 

Objections met 

1x1 making an assertion to spirit away the reality of Al-Birunis 
second Aryabhata one must meet such objections : (1) the mention 
of (?;, a book of iryabhata of Kusumapura ; and (2) positive 

assertions of Al-Biruni. Before Al-Biruni came to India, he had 
acquired a good general knowledge of Indian Mathematics and Astro- 
nomy through Arabic translations. The faithfulness of these teansla- 
tione have been questioned even by Al-Biruni himself. We have 
already drawn attention to some very sad mistakes in them. M-rUJ 
seems to bo an imperfect translation of a few extracts from the wor 


* For example compare Al-Birum's Hdia I. 370 and MahaMdMnta, Ob. i, 

16 . 

f X 40 C,ciUi p. 310, footnote* 
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ojE ir 7 a.l)hata who livedi ftt, Kusumapnra in 476 A.D. Probably there 
were pot many things common to this book and the references in 
Brahmagupta’s works which were also translated. So that Al-Biruni 
&iled to recognise the. identity of the two writers. .He had, howerer, 
recognised . sufficient resemblance to call the one a follower of the 
other.. Thus AKBirnni’s first wrong impressions about the existence 
of two Aryabhatas originated while he was in Arabia. In India, too, 
he failed to correct. and improve, upon these impressions. For inspite 
of .all hie. attempts he could, not procure a copy of the woi'ks of Arya- 
bhata.. He wrote i “ I have fpund it very hard to work my way 
into the subject (astronomy), although I have a great liking for 
it. and although I do not spare either trouble or money in collecting 
Sanskrit books from places where I supposed they were likely to be 
found, and in procuring for myself, even from very remote places 
Hindu scholars who understand them and are able to teach me” 
(1. 24). , Again that he could not even secure a better type of Hindu 
scholars to. teach him, inspite of all his earnest efforts, will beat 
once: evident, from his remark : “They are niggardly in oommuni- 
eatmg that . which they know, and they take the greatest possible 
oare to withhold it from men of another caste among their 
own.people,. still, much more, of course, from any foreigner” 
(I. 22).. , With . such imperfect knowledge it is not strange for 
one to get confused and commit sad mistakes. Nor should his 
positive assertions deter us to arrive at a proper and logical con- 
clusion. In this respect it will be sufficient to draw attention to 
the fact that he has made many such baseless assertions.* He 
has put in the mouth of Brahmagupta something which is not 
found in his works. Above all he has even attributed a book of 
auguries and prophecy to the Great Buddha (1. 158). 

. -0/. Sachan, II. 266. 387 j Pref., xxvi. 

, Bull. Cal: Math. Soo., Vol. XYII, No. 2 & 3. 
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On the evaluation of a Factoeable continuant 

OF Muir * 

BT! 

Satis Chandra Chakravarty 

{Bengal Technical Institute^ Calcutta) 

From the well-known centro-symmetrie factorable continuant of 
Sylvester t, Muir J has derived a very interesting factorable conti- 
nuant having certain well-defined characteristics. There is another 
factorable continuant, also discovered by Muir, which possesses some 
of those characteristics, vit.^ § 

* For references on the subject see — 

Painvin, “Sur iin certain syatemo fTequations [lineairos,” Lioiiville Jojirn^ 
pp. 41-46. 

Muir, “ Continuants resolvable into linear factors,” Trans. TJdin. Roy, 8oc. 41, 
(343-368), 1905. ‘‘ Note on Palmstrom’s Generalisation of Lame’s 

Equation.” Trans. 8. Afric- Phil, Soc,, 16 pt. 1, (29-33) 1904, ” A continuant 
resolvable into Rational Factors” Proc, Edin. Roy Soc., 24, (105-112) 
1901-1902. ” Further Note on continuants. Ibid vol. 8, (1873-74). 

Metzlor, “Some Factorable continuants” Ihid'Z4i, 1914 (223-229). 

Hnripada Dntta, “ On the Failure of Hoilermann’s Theorem ” Proc, Edin. Math. 
8oc., Vol. 36, Pt. 2 (1916-17). “On the Theory of continued Fractions” 
Ibid Vol. 34, pt, 2, 1916-16. 

For further references see, 

“ On the Evalution of some Factorable continuants ” Ball. Cal. Math. Soc,, 
Vol. xiii, pt. 71-84 (1922-28) and Vol. xiv, pp. 91-106 (1922-24). 

On a Footorable continuant ” Ibid Vol. xiv, pp. 219-38 (1923-24). 

“On Two Pairs of Factorable continnants ” Ibid, Vol. xv, pp. 127-38 (1924'25), 

t Sylvester, “ TheorSme sur les determinants do M. Sylvester.” Nouv, Ann, de 
Math, xiii, p. 305 (1854). 

t Muir, “ Factorizable continuants” Trayis. 8, AJric. Phil, 8oc., 16, pt. 1. 1904 
(29-33). 

§ ,, “ Further Note on the Factorizable continuants,” Ibid xv„ pp. 183-94 

(1906). 


3 


76 


S. C. CHAKBAVABTY 




{2n-l)/3 
2«-l ’ 


I -(^+2«-2) 
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(2w-2)()g-fl) 
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2f)3+2»-3) 

5-2« 


i2»-3)(/3+2) 
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... a, 


2) 

3"'~ 


.... , «+ 


= (a+^)(a+)8+2)(a+|8+4) (a+y3+2M-.2). 

Muir has simplified this identity into 


A. 


l-2n 
2w— 1 


(2w-1)2 2(2«-1) 

3-2« ’ 


(2»-2)3 . 


A (»--l)(w+2) 

’ 3 


(« + l )w . » (n4-l) 

-1”’ ~ ir ~ 

^A+2)(A+4)(A+6) (A+2») ... (1 
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But he did not proceed to the final proof on account of the growing 
difificulties. “ Unfortunately the set of column- multipliers necessary 
for e:Kecting this rosolution is not simple, the first line of it being 




n(n—l ) „ 
2n 


In this paper is given a complete proof of this last idenbity. The 
operations necessary for eiffiecting this proof have led to some fresh 
algebraic relations, The most general factorable oontinuant which is 
resolvable by means of the same operations has also been obtained. 
There is also given another identity which is analogous to a well-known 
identity of the Calculus of Finite Differences. 

1. If the continuant be written in the reverse order, the identity 
(1) takes the form, 


i , w(w-l-l) w.(w + l) 
1 ’ -1 


(w— 1 )(w4-2) 

3 


A, 


(7i—l)(n+2) 

-3 


(?i—2i(w4’3) a (w~2)(1^^-3) 

5 » -—5 ' 


2i' 271—1) A 2(272»— 1) 

271—3 ’ ’ 3 — 2 ?^ 


1*27^ 


277-1’ 


=:(A+2)(A+4)(A+6) (A+2n), 

On . the left-side of this identity perform n successive operations of 
the type 


mj ooll^-7?^a cola + Ws colg + ... -f-mA^coln, 
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in whieh, for the hhh operation 


and 




> r-f- A; — 2\ . 

hk-~2\ ' ~ 

I -2 A., 


m — ^ + 1)(^^+A') 

A-{-2A- — 2 


h-. (2) 


where ^ )^=«(’»±c)(«±2<!).,.(« + ,— ic), 


^ ±c = l : if »~0, or 


negative 


and 


—1 ^ a positive integer. 


in 


Jn the first operation m, is governed hj the rule for m, but not 
subsequent operations. vanishes for all operations from r+ltb to 
»rth. After the «. operations have been performed, it will be found' that 
all the elements, except the last of the first column vanish. Hence the 
value of the continuant readily follows. 

^ (0 In the particular case when m= 6, the six operations that ai’e 
obtained from the above formula are : 

42 coll +40 oolj + 36 C0I3 +30 col* 

+ 22C0I5+I2 colj=0olj^^^ 


^2 col, + 108 col, +180 col* 


+220 colj +180 col* =col, 


36 , (2) „ 

A+4 °ola + 108 00I8+45O col* 


+990 00I3 + I26O col3=:col,^®^ 
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colj^®^ + 0 colj +0 C 0 I 3 +450 eol^, 

+ 2310 ool, + 5040col„=col/'^^ 

22 (^4) 

“^_^g ®ol, +0 eolj +0 col, +0 C 0 I 4 

+ 2310 col, + 11340 col,=col/®^ 

12 (5) 

-^-j-j^col, +0 oolj +0 col ,+0 col^ 

+ 0 C0I5 + II34O col(,=coli^^^ 

— -A-ftei- each operation it will be noticed that a factor will be 
common to each element of the first column. If this factor be removed 
ami t!ie x’esnlting determinant be lowered in order, then the aforesaid 
ojanutiioxas are to be stated thus : — 

Kot* tlie /cth operation 


M,, ==_1±*ZJ:. 


... (3) 


iviKii-e JVl^ is the multiplier of the rth column and w’.s have the same 

lueiunxi^ as given above. 

Tho most general continuant resolvable b 7 means of the 
t»pemt*ioxis (3), is obtained in the following manner: — 

On the continuant A + a, 

Yu A, ^2 

Ta? ^3 


Yn-aJ /^n-i 

7n-x, A 


porforxrx tdie first of the operations ( 3 ) vh. 


co1,+ ( !L -1K”+ 1)co 1, + ...+ col 

M(rt+1) ^ »(»+!) 


The first of the operations (3) is the same as given by Muir. 



80 


S. C. CHAKRAVARTV 


Then, by reason of the removability of the factor 


A + a + 


(n- l)(n + 2 )^ 
n(n+l) 


we find a set of n — 1 eq^uations, viz. 


( n--k+i)(n + lc) _ _^(n—k—l)(n+k+2)p 
7i{n+l) 


_ {n—k)(n + k + l) ^_ (n--k)(n+k + l )(7i>-‘l)(n + 2) ^ 
where /i is a positive integer varying from 1 to 1. 


From the first of the equations (4), we have 


o _ («-l)(»i4-2) o j. nOi + 1) 


(5) 


Then eliminating a from the other equations of (4) we have a set of 
9^—2 equations, viz. 


(n^k)(n+k + l) _l (w.— fc— 2)0^ + A;+3) 
nifi + l) n{n + l) 


l)(n + fe + 2)(72— 2)(?^+3) o 
{n—\)n{n + l){n+2) 


(«-l){n+2) 



where ^ is a positive integer varying from 1 to w— 2. 
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The resulting determinant can he lowered in order, being in fact 


n{n-\‘l) 






72 - 


{n— 2 ){n + Z) n 


A, /3s 


(w--3)(w+4) p 

n: 7 X + l; 


7 a > Aj ^4 


2(2n-l). 

n{n + lV 


7 n — 95 A, / 3 n-l 


1 • 2 ? 2 , 
w(w+l) 




7 "-i> A 


w— 1 


On this perform the second of the operations (3), ws. 


coli + 


3 (n— 2 ) (n+ 3 ) 
(?i— l)(n+2) 


C0I2 + 


+ 


(w— 1 )?^. 29 ^ 
2 (n — 1 




Then making another factor 


. _ («•— l)(^^^h2)^ 3(7^— 2)(?i + 3) p 

' n(w + l) Cw-.l)(n+2) 


removable from the firsfc column, we get another set of w— 2 equations, 

t’ir., 

k(k+l) (^^— A:)(n + fc4-l) 

""2 ■ 


^(/c 4’2)( /c + 3) (tj — A' — 2)(w + A)+3)^ 

+ 2 ” (n~l)(w+ 2 ) ' 


3 (A; H" l) (/c4~2) (n — k — l)i H + A;+ 2 )(?^^2)(n + 3) p 
2 ' ( 71— 1 J*(nH- 2 ;* * 


M.+?) (tf A;-l)(?^+/c+2) . 
2 ’ n(wH-l) ^ 
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where fc is a positive integer varying from 1 to w— 2. 

From (6) and (7) we get 2w— 4 equations involving 2w— 2 quantities 
viz., all ^’s and all y’s. Then in terms of ^8, and y,, all other /3>s and 
y’s can he easily expressed thus : — 

Prom (6) and (7l when k=n—2, we have two equations, from 
which eliminating y„_j we have 


ft - ” ^ ^ (»-l)(« + 2)» „ 

2^« + 3) 2»C«+l)i« + 3j 


... ( 8 ) 


With the help of (8) eliminating 8s from (6) and (7) and solving 
for y*^.j and 8*+, we have 


ft _ 3(A-— !)«(«— fc+lXw + fc) 

2c2Z:-l)(n-l)(«+2)(«+ifc+l)^> 

+ )( «' + 2)(w— A+lKa+fel ^ 

‘^{2k-l)n(n + l){n+k+l) 


3(A;+l)wCw-lr)(w4-fc + l^ 
2(2A4-1)(«— l)(n+2)(w— 

1)(«.4-2)(w— fe)(w + l,+ l)Q 
2{2k+l^n{n + l)(^n — fc+1) 


From (6) we have 

a= _ (» + 2) 

2(n-l)(ra+2) 2o;+r) 

We then get the following general theoi'em. — 


The continuant 


A+a,, 8 j 
Y u A, 8s 

y^, A, 8ft 


/3: 


( 9 ) 


( 10 ) 


Va-sj A, ^n-x 
r«-i> A 
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^ y A (w+2)(w— 2 ) n ) 

I 2{n-l 'n+2)^^^ 2n{n + l) } 

X i A+ y +( n + 2)(n~4 } | 

I 2vra-l)(»+2) 2n(M + l) j 

I 2(«-lX»+2) 2 »(m+ 1) j 

... X j A V _ (l+^w o ) 

C 2(m— l)(« + 2) 2»(w+l)^* 3 


8 S 


where a, ^S’s and y’.s are given by (9) and (10). The factors are in 
A. P., the common difference being 


, n+2 o 

(«-l)(w+ 2 )'‘'^ «(»+!) 

Cor, If 

„a ^.=-.K„+i), 

we come back to the continuant of Art. 1. 

3. Denote 

T.=( -“.‘L 

V-^A k=l ' T^)! ’ 


W— 1 


5 L_ ’*■ /w- 2 A;~i 

A =1 ^ . 


(w— 2 A+ 2 ) I 


4-1 


where n is an odd positive integer ; 

fa — 2 A- 


^=T((a- 4 ;fc +3 

D'„, ,= 2 J - V -1 r . 1 

A-=l } («- 2 i+ 2 )! : 
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where is an even positive integer, and 


^)=:Sr , S 
A:=:l 


f (r+l)(r— /c+1) Y S ) 

VZjLzAtiS 1 

I, ) / \ I Or-A,jj-*» 


where S,. , is the sum of the products of r factors 1, 2, 3.,.r, taken 
at a time. Then we have the identities. 


(0 




Proof. Since 


T. + ,=(2r-«.)T, + (-) 


-iX 

C«+l)! 


the theorem follows by induction. 
Onr. T„=0, if w^r 


(■«) 




Proof ; — If the last two terms of the series for D*, , be added 
together, it will be found that (a— 2«+3)(a-2»+2) will becommon 
factors. Eemove these and again add the last two terms. On continu- 
ing this process successively for times, the theorem will 

follow. 



The pi'oof is .similar to (ft), 
(fo.i d>(r, ;p) = </>(r— 1, p) 


k='m 
■»> S 
fcs=l 


-f ) (r-2fc) 

zLLjip ,^(r-2ft-l,p-2A)... (H) 

(->).. 
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where m 



or according as p is odd or even. 


h=^p 

Proof.— S,, y= 2 
7css0 



1 I V-k 


8& 


(12) 


for 


^5 V I J) ”” S V 1 I 2^ ^ ^ 5* “ 1 


Substitute values of S’s from (12) in the left-side of (11), then we 
have 


k=^p 

<^(njp)=S,_,, S 
k=l 



IJ ?»-/.;• 


=S..„ „+ S (-) 

;f=i 


'ij ),_, 


( 


S, ... (13) 


m 


by it) 


Again substituting the values the right>side of (11) 


-s 


( ). 




r«(r-l)«( ’-2)* 

^ ““A / a T4 Q I 

/ 2r \ (2r~6) *’'’® 

1-1 A 


= S.., 


fc=® r*{r—h 

.+ 5 (-)* 

k-l 


( '=1 );., 


/ 2r \ ( 

k 1 

1-1 j* 



s,.- 


A-15 !>-A 


by {ii) and (m). 

.*. the theorem (iv) is established. 
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Our. <i>(r, i))= 0 , if p'^ r. This follows readily from (12), for; 

|i “0, if p ^ r. 

(v) If <^(. v,/.)=,^ r-l, p) jind p < r-1, 
then ^{r,p)z=0. 

liuoj. (Sim o <l>(p, p ) z=Q by (*r) Cor, this theorem may be easily, 
proved by addiufr all the equations that may be obtained by putting 
r, r -1, / 2 ,..,(p + 2) and (p + 1) for r in the given condition. 

4. ^(j , p)=0, if p i.s odd and < r. 

Pruof !— liy actual calculation wo find that 


^(r, 1)=0, f,„- s„ ,g;'lr+^). 

!2 

by (m>). 

<!>(>■: by (^)), 

I'njceodiitg in this manner, the general case may be proved. 

The (WHO when p is even and < r, presents a difficulty in getting the 
result in a snitablo foj’in. 


s 

kssi) 


/ n~r-rk--l \ 

/ n + /+l \ / 

n+r \ 

\ —1 J 

- 

A -1 A \ 

. -1 / 


ym 

(2r)r 

where 

,), 1, 2, 3-*», or r— 1 

; then rij 


.. (15) 


the left'Side 


1 *=s ' (-)• .-.o.( ) =0 

(-1 ^ * ’ 


hy difference formulae. If p= —1, —2, —3, or — r ; right 8ide=0 ; 
the left side 



Assr+p+l 

S 

it=0 


(--)* 



'•+'’+'C*=0, 


by difference formulae. 
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■ If n=r, either aide =1. 

Thus the equation is satisfied for 2r+l values of n. So it is 
an identity. 

6. Let us obtain, by using a as the multiplying factor, the succes- 
sive orders of differences from any function of w, via., in the 

following manner.* 

Let dt<f>x) be used to denote the X-th order of differences, then 

—<j>(x)=^(x'), say, 

=</'(«'«)— #(®)=Q(a-) „ 

dii>(x)=q(a£)-a*qix)=:f(si;) „ 


dr<l>(x)=P(ax)—a'~^F(x) where F{A-)=d,_^<l>(x). 

It can be easily shown that if <ji{x) be rational integral function 
of .8 of the «th degree, then 


and 


dnA.A0e)=0. 

7. Denote 
|“ci"y'+dj 

ra'y+dl 

L ±0 Jo“ ’ 


... (16) 


Then, if ^(aj) be a rational integral function of x of the »th degi’ee, 
it can be developed thus 


h=n 

k=0 


dk<li(») 

■Kfc-Dfc ft 
a X 



(17) 


^ See “ On tho Evaluation of some Factorablo coutiunaiits, part IIJ' Bull, 
Cal. Math. Soc.f Vol, xiv, pp. 91*10(3 (1923-24). 

t The right-sido had previously been denoted by ['.“]■ 
t See Boole, Calculus of finite Differences^ 2nd Ed., pp. 11-12. 
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where 'S* denotes the sum of the products of r factors 1, a, a*,,..®'-* 
taken k at a time a];id 

a 

denotes that the ^;th order of differences obtained from by using 

a as the multiplying factor, is to be divided by ** and then 

in the result ,0 is to be made equal to 

Proof : — Assume 


^(i»)=Ao + Ai 5=^ +A (a!-8)(a.c-8) 

' ™ 

then ... (19) 


<^a<j!>(.r)=Aaaaj*+A3 


(a— l)a 


(20) 


and thus obtain other successive orders of differences. Then putting 
a?=S in (18), in (19), etc., we get Aq, A^, etc. 

Qf 


Cor. 


[ 


a'-ias+l 

. -"I 


k=r 

=, 5 
, Jc=:Q 


'Sa 


ra-*+' + S-] ra'-^-^a-S 

L +1 J*L -1 



§ See “ On a ffaetorable continuant,” BuU. Qal, Math. 8oc., Vol, XIV, up. 219-38, 
Art. I (1928-24). 

Bull. Oal. Math. Soo;, Vol. XVU, Nos. 2 & 3. 
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Bhasicaracharya and simultaneous indeterminate 

EQUATIONS OF I HE FIRST DEOREB * 


BY 

A RADA KaNTA GaNGDLY 
(Jtavenshmo College, Cuttack) 

1, From the printed editions of Bhaskaracharya’s Lllavati and 
Bijaganita it appears that he considered only one case of simultaneous 
indeterminate equations of the first degree, viz,, 

ax^c dx±e 


in which the denominators of the left-hand expressions are the same. 

The problem of which the first equation is an algebraic statement 
would be stated by BhSLskarachSrya as follows : 

What integer being multiplied by the integer a and then increased 
or decreased by another integer c will be divisible by the integer h 
without remainder ? 

So a is called a multiplier (gunaka) and h a divisor {Tiara or Tidrc) 
of the I'equired integer, and c is called a k^epa {lit., what is thrown into, 
or away from, something, i.e., what is added to or subtracted from 
something). The k^epa is positive {dhana) or negative (rm) according 
as it is added to, or subtracted from the product of the required 
integer' and its given multiplier. As the product a.^, when increased 
or decreased by c, is to be divisible by h, a is also called the dividend 
(bh&jya) in which case the required integer is called its multiplier 
{ gum ) most probably to satisfy the metre of the stanza or stanzas 
giving the rule. 

* One of the three essays to which the Griffith Memorial Prize for 192^ was 
adjngded by the Calcutta University, 
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2. The stanza dealing with the above-mentioned case of wiiunl- 
taneous indeterminate equations begins thus : 

“ ” 


i.e., if the divisors be the same but the multipliers difFerent.. 

This raises the question : Has not Bhaskai'Seharya eonsideivd the 
case in which the divisors are also different ? The oh jeet of t.his paper 
is to attempt an answer to this question. 

•3. The writer of this paper has found this case dealt witn in two 
palm-leaf manuscripts (both in Oriya characters) of Lilavatl with the 
commentary of Srldhara Mahapatra,* an Oriya inathenintirian, who 
completed the commentary in the year 16.39 of the fiaka era (1717 
A. D.). 

4. Through the courtesy of Mahamahopadhy5ya Sadfl^iva Mi§m 
of Pun the writer was able co have on loan tlie manuscript copies 
referred to above. One of the copies may still be found in tlio library 

of the Mukti.,na^4apa 8abhd of Puri, of which the Mah8inabop8dhy5va 
is the president. 

5. On a x’equest made by the present writer through Professor 
Jadunath Sarkar, the Oriental Libraries at Mysore, Madnis, and 
Travanoore were scrutinised and as a result the general caso of simul- 
taneous indeterminate equations of the first degree ha.s lieen found to 

occur in two palm-leaf manuscript copies of the text of LilSvatf, both 

in Andhra characters-one t in the Oriental Library, the State Library 
for such manuscripts, Mysore and the other J in the Government 


• Sridhax MahSpStra was an inhabitant of Bal«pur, a villaRo .till known l,v that 
name and lying to the north of the Puri town. His father was NimS MahSpfttra and 
nis mother Gauri. 

Nma MahSpStra also was a mathematioian and gave the following rule for the 
area of a segment of a oirole : 

«iPBrt?*r sifl^r 1 


One fails to find any reference to Sridhara MahilpStra or hie j i . 

mathematicians) or in Rai Bahadur Joges Chandra Bai'a AmSder Mio ZlZ 

altho^h both these works give aooonnts of Indian mathematioians and ItronomL 
of eyen more recent times. M-awonomers 


t Mann^ript Nq, 1336 , pp . 42 and 43. 

4 : Folio 28(5) of Ms. described under 13480, 
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• Oriental Manuscripts Library) Madras. Tbe same rule and the same 
example in illustration thereof occur inth slight yariations in all the 
manuscripts referred to above. 

ftftra gut u fiiu 

g^; * 

uu) t ii 

*ntit gvt gv: «ng J t 
gu uurejunTu u ustsg 
sngt gugtug^u Tto n 

g^ utgiggSu gif) § 
gv'ffgrttsu gg; ufg?: i 
UN a^ttsfuNuu-iraf-ll 
urrtu In 

vralgmuNig i 

t; ftgat fig'eqi 

fuunuWsu g gg vifii: i 
ggmt: gggtg *• gw; 
ggmum ft g gg gift; ii 
ggigg; gggsnggwltt 
ggrgg) t gg giftgwiTg i 
ggiutuift gft: 
ftf gngg isftgiggig; u 

* fif^ggwnrgggg^f gw^ l (Madras and Mysore copies.) 
t The Mysore copy has ftaft*. for (efll9 I 
t gitit gfgra gttsggg gift I (Madras copy.) 

§ For ggfl the Madras copy has gW and Ithe 'Mysore copy ft^. The Mysore 
reading is evidently wrong in this case. 

II The Mysore copy has IT^g for ggg. 
g The Madras and Mysore copies have gigdls for gw^U. 

** ggnRft (Madras and Mysore copies). 

■ft ggiggrgifq ( „ „ « „ ). 

Jt ggggfggwK „ „ „ „ ), 

§ 
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Translation 

Buie for the solution of simultaneous indeterminate equaliouM the 
first degree : — 

Wlien the given divisors and multipliei’S are dilTerent in tiu* vari-* 
ous conditions * to be satisfied in a complex problem on hit(aha { 
when the required integer has to satisfy various conditions loading to 
indeterminate equations of the first degree), an integer Hatisfying the 
first condition should, first of all, he found. The integer thns obtain- 
ed, being multiplied by the (known) dividend in the second condition 
and then increased by the Ti^ejpa of the second condition, heconiew the 
"hseipa of a new (lit^ second) problem (the first condition being taken aw 
the first problem), the (known) dividend (^.c., multiplier) being the pm- 
duot of the divisor of the first condition and dividend of the necond 
condition, and the divisor being the same as that of the second enndi* 
tion. With these kqe^pa^ dividend, and divisor, a multiplier Bhould ho 
found by the rule of feuftaka. The product of this multiplier and the 
divisor of the first condition, being increased by the (previoualy un- 
known) multiplier satisfying the first condition (as originally obtain- 
ed), is the required integer satisfying the fii’st two oonditions. (If 
many values of the common multiplier be desired or the bo 

negative or there he three conditions in the problem), proceed Rimilarly 
taking, as instructed by previous teachers, t the product of the 
divisors of the first two conditions as the divisor. Proceed similarly 
if there he more than three conditions in the problem. 

JEJjcample. 

(A) What is the integer, 

(1) wBioh, being multiplied by 7 and then divided by 82, leaven 
3 as remainder, 

(2) which, being multiplied by 6 and then divided by 101, leavee 
5 as the remainder, and 

(3) which, being multipUed by 8 and then divided by 17, leaven 
9 as the remainder ? 

(Here the ksepas are negative) 

(B) What is the process when the h^epas are positive I* 


• Isoh condition gives rise to an indeterminate equation, 
t qJhe word has been interpreted by by the commentator In this way. 
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7. Solution according to the nde. 

First, suppose that the hsepas are positive so that the problem 
would stand thus : 

What is the integer, 

(1) which, being multiplied by 7 and then increased hj 3, becomes 
divisible by 62, 

etc., etc. ? 

By the rule of huttaka or otherwise it may he seen that 35 satisfies 
the first condition of the problem (i.e.y as modified above). Multiply 35 
by 6 (dividend of the second condition) and add to the product 6 (the 
ksepa of the second condition). The result is 215. This is taken as 
the kaepa of a new problem on simple ku^taka, the dividend and divisor 
being respectively 372(=:62x6) and 101 by the rule quoted above. 
These ksepa, dividend and divisor give 73 as a multiplier by the rule of 
simple kutfaka. Hence, by the above rule, the integer satisfying the 
first two conditions =62 x 73+35=4561. 

The original problem consists of two parts, (A) and (B). In the 
first part the ksepas are all negative. Hence we shall have to use the 
rule (In the case of a negative ksepa 

the multiplier and the result are obtained by subtracting respectively 
from the divisor and the dividend the multiplier and the result given 
by a positive k^epa. So an integer which will satisfy the first two 
conditions of the first part of the problem is obtained by subtracting 
4561 from the divisor. But what is this divisor ? The rule says that 
it is 6262 — the product of the divisors 62 and 101 of the first two 
conditions. Hence an integer which will satisfy the first two conditions 
of the first part of the problem=6262— 4561=1701. Other values of 
the common multiplier may be obtained by adding 4561 or 1701 
(according as the kqepas are positive or negative) to the product 
of the divisor 6262 (by the rule) and any assumed integer according 
to the rule 

^ w t 

The multiplier and the result become manifold when increased by 
the same multiple of their corresponding divisors. 


^ Mftvatf) Chapter on 

t Ihid. 
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Kow we proceed to find an integer which will satisfy the three 
conditions of the problem. For this purpose also, we take the Jc^epas 
to be positive. A value of the common multiplier satisfying the first 
two conditions has already been obtained. It is 4561. It should be 
multiplied by the dividend 8 of the third condition (which becomes the 
second condition when the second condition is regarded as the first). 
To the product 36488 add 9, the Mepa of the third condition. The 
result 36497 is the hsepa of a new problem, the divisor being l7 (the 
divisor of the third condition) and the dividend being 50096 (the pro- 
duct of the dividend 8 of the third condition and the divisor of the 
second condition, which is 6262 by the rule since there are three condi- 
tions in the problem). These IcSepa^ divisor, and dividend give 5 as 
a multiplier. Multiply 5 by the divisor of the second condition which 
by the rule is 6262 and to the product add 4561 (the common multipli- 
er satisfying the first two conditions, as obtained before). The result 
35871 is the required integer when the hsepas are all positive. 

When the hsepas are negative, the required integer 
:=6262x 17 -35871 
=70583. 

By adding to 35871 or 70583 (according as the hsepas are positive 
or negative) any multiple of 62 x 101 x 17 we can get as many values of 
the required integer as we please. 

8, The rationale of the rule will be clear from the following : 

Let the equations be 



... (1) 


... CS) 


... (S) 


Let {»=a satisfy (1). Then aj=a+5i^ (where t is any integer) will 
also satisfy (1). Let us suppose that this value of aj also satisfies (2). 
Then we must have 

or 

This is the equation corresponding to the new problem referred to 
in the rule. If ^=t satisfy this equation, the value of x which satisfies 
(1) and (2) is a+fr^T as given by the rule* 



tNBjBTIillktHA.'tE EqUAtlOES 
If ®=i 8 satisfy ( 1 ) and ( 2 ), 






and 6 i( 6 aiS +^2 


(ai6a + aa&x)/3+&aCi + ^xC2=^i2»»(y + 2?) 
This shews that x=-^ also satisfies the equation 


(ai6a+aa6iV+6aCi+6iCa=6i6a(y-ffi:) ... (4) 

Hence the value of aj, which satisfies (1), (2) and (3), also satisfies 
equations ( 4 ) and (3). Thus, the solution of the three equations (1), 
( 2 ), and ( 3 ) is reduced to the solution of two simultaneous equations, 
viz., (4) and (3). A solution of (4) has already been obtained, the 
value of X being a+feiT. From this we can find a value of x which will 
satisfy another equation also, viz., equation (3). In this case the divisor 
in the first, viz, (4), of this new couple of equations (4) and (3;, is ftj&g 
which is the product of the divisors in the first two equations. Hence 
the rule W* for three conditions in which the hsepas are 

all positive. We are not concerned with the dividend and li§epa in 
equation ( 4 ), as a solution has already been obtained withou^ them. 

When the h^epas are negative, the equations become — 


aiai-c,=6,y 

... ( 6 ) 

a,a-c,= 6 ,y 

... ( 6 ) 

C8=6»y 

... (7) 

Equations (5) and ( 6 ) may be written as 


-■«) +«i =^i K*. -S')- 


as 

axaj'+Cx=s6xy' 

... ( 8 ) 


... (9) 

where iU 


Hence the solution of equations (5) and ( 6 ) 

can he made to depend 


on the solution of equations ( 8 ) and (9) wHcli are the same as equa^ 
tions ( 1 ) and ( 2 ). 
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Hence the rule for the case in which the k§epiiii are negative. 
Similarly the rule for the solution of three equations with negative 
ksepas might be deduced. 

9. Now the question may be asked ‘are the rule and tlio 
illustrative example Bhaskaracharya’s own, or are they later 
interpolations ?’ 

The arguments against the genuineness of the rule may be stated 
as, follows : 

(a) The rule is not found in any other commentary of bfUvat?, 
we have it. 

(h) Kutfaka has been treated both in LilSvatl and also in Bfjagapita, 
the two chapters being nearly identical. But the rule does not octsur 
in any manuscript of Bijaganita, as handed down to us. 

(c) Jn the chapter “PrasnMhySya” of Siddhanta-8ii‘omani, BliSiska* 
rScharya has not used the rule uuder discussion but ho has used all 
other kinds of kutfaka that are found in his BljagSnita or in printed 
editions o# Lllavati. 

This last argument might at once be disposed of by saying that 
l4lavatl contains many things not used in Siddhanta Siromani. 

The fact that Lilivati is much moi’e widely known than MahSLvi* 
racharya’s Ganita-sara-samgraha — an earlier but better work from the 
point of view of a student of mathematics““might supply an answer to 
arguments (a) and (6). This shows that the majority of scholars cared 
more for astronomy than for mathematics. And Lllavatl helped them 
to acquire the necessary amount of knowledge of mathematics in less 
time than Qanita’Sara^safngrdhci. As the rule in question must Imve 
been difficult in those days when the modern symbolical language of 
algebra was not invented and as it had no application in astronomy, 
ifeaders might not be inclined to waste their time in learning and 
copying the rule and the illustrative example with their commentary 
Thus the rule with the example might have gradually disappeared from 
the manuscript copies of the text and commentaries of Lflfllvatf m 
also of Bljagapita. The fact that chapters on kuftaka in UHym and 
Bijagai^ita are not exactly identical goes to show that some omissions 
must have taken place in course of time. As the original manuscripts 
of the text and commentaries are not available* one is not justified in 
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demying the genuineness of the nile unless there be sufficient weightier 
evidence in one’s favour. 

10. Now we come to the arguments in favour of the genuineness of 
the rule. They may be stated as follows : 

(a) The case was known to the earlier Hindu mathematicians also, 
as suggested by the word Mahavlr5ch5rya who lived more than 

250 years before BhaskarSchSrya has given a rule * for this case, 
different from the one given above, and nine examples t for exercise. 
Aryabhata really considered a simple case of simultaneous indetermin* 
ate equations which may be stated thus ; 

The general case in question jis only an extension of this. It Would 
not be wrong to suppose that this extension suggested itself also to 
other readers of Aryabhata’s works. In these circumstances it is only 
fair to say that the case occurred to Bh5skar5chSrya also. 

(h) Bha'skaracharya has dealt with one case of simultaneous indeter- 
minate equations in a stanza the wording J of Which strong- 

ly suggests that he must have considered the case in question without 
which the chapter would remain incomplete. 

(o) The omission of the case is very difficult to explain unless, as is 
most unlikely, it be supposed that Bhgskar»ch§rya found the case too 
difficult for him and left it to bo solved by a scholar of much less 
repute. 

(d) The trend § of the commentary by Sridhara MahUpStra shows 
that BhSskargobarya was the author of the rule which was included in 
the chapter on huttaJca, If any illustrative examples did not occur in 
some of the copies of Lllavati he consulted, he made a note || to that 
effect, The absence of a similar note in connection with the case under 
consideration suggests that the case occurred in the copy of Ganesa’s 
commentary (as he had it), which he had consulted and criticised. 


* Ganita-sw a-saijtgraha, stanza 116'^. 
t stanzas 12 
J Vide § 2 above, 

§ The commentator introduces the rule thus ; 

II “ 1” 
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When -he has given rules and examples not attributed by him to 
BhSskaraoharya, he has indicated * the fact by naming their authors 
or otherwise, 

11. The balance of arguments goes to support the genuineness of 
the rule and the example quoted above. We, therefore, conclude that 
BhaskarScharya considered the general case of simultaneous indeter- 
minate equations of the first degree, which might be stated thus ; 

=6j«, 

etc. etc., 

and that he gave the rule quoted above for its solution. 

i” 

etc. etc. eto. . 

Bull. Oal. Math. Soc., Yol. XVII, Xos. 2 43. 
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Collision of a-PAETicLss with helium atoms 

BY 

Satybndbakumar Ghosh 
{University College of Science^ Calcutta) 

[Read the 24th August, 1924] 

Rutherford ^ has given a theory of the large angled scattering of 
or-partioles by matter, based on the assumption that the atom consists 
of a concentrated positive charge Ne, surrounded by an equal n amber 
of electrons whose distances from the nucleus are large compared to 
•felie dimension of the latter. Experimental investigations by Geiger 
a.nd Marsdent and lately by Chadwick J have verified Rutherford’s 
triieory. In 1914, .Darwin § extended Rutherford’s theory to include 
t^lie case of the collision of a-particles with the lighter atoms of matter 
im 'which the latter are set in motion by collision with a-partioles. 
Xlarwin assumed (1) that the law of force between the nucleus and 
•felie a-particle is that of inverse square, (2) that during collision the 
xxixoleus and the a-partioles behave as elastic spheres. Darwin was 
a^bla to show that during a direct collision between an, a-particle and 
Hydrogen atom, the latter would move away with a velocity of |V, 
a^md its range would be about 4 times that of the colliding a-particle; 
Iixdireot expexumental investigations by Marsden || showed the exis- 
■hence of H particles whose ranges were several times that of the 
«x-partiole. Using Wilson’s method of photographing the tracks of 
doniaxng particles, Bose Tf could directly photograph the tracks of the 

* Rutherford, Phil. Mag., 1911, Vol, XXI,p.*669. 
t Geiger and Marsden, Phil, Mag., 1913, XXV, p. 604. 

$ Chadwick, Phil. Mag., 1920, Tol. XL, p. 734. 

S Darwin, Phil. Mag,, 1914, Vol. XXVir, p. 601. 

II Marsden, Phil. Mag., 1914, Vol. XXVII, p. S24, 

IT O- Bose, Zeit. f. Phys., 1922, Bd. 12, p. 
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particles and show that in certain cases they are longer than the parant 
a-particle tracks. Darwin’s theory of the scattering of the H particles 
was approximately verified by Bose. 

For sev^al reasons it is of interest to study photographically the 
collision of a-particles with Helium atoms. The mass of an a-particle 
is the same as that of a He atom and for such types of collision Darwin 

predicted that the angle of recoil between an a-parti ole and a colliding 

He atom would be either 0^ or 90°. Further as Rutherford ’**' has 
shown, the range of the recoiling He atom would be the same or four 
times that of the colliding a-partiole according as the He atom is 

doubly or singly charged. On the assumption that an H particle is 

equivalent to a point charge, Chadwick and Bieler t have studied 
the close collision of a-particles with H particles. They have found 
that in order to explain the results of their experiment they have to 
suppose that He nucleus is an elastic oblate spheroid of semi-axes 
about 8 x10”^* and 4x10'"^® c. m, moving in the direction of its 
minor axis. 

It is now generally assumed that a He atom consists of a doubly 
charged nucleus with two electrons, circulating round it. The orbits 
in which these electrons move are not definitely known but it is 
supposed that the two orbits are mutually inclined to one anothei’. 
Recent experiments by Millikan and his pupils J on the ionisation of 
various gas atoms by a-particles have shown that in ordinary gases 
the atom when ionised looses a single electron. Only in the case of 
Helium about 10^ of the atoms are doubly ionised by collision with 
a-particles. This special behaviour of the He atom can be explained 
on the supposition that the two electrons in the He atom move in two 
Crossed orbits. 

In the following paper is described a photographic study of the 
collision of a-particles with He atoms, and we have obtained some 
important evidence bearing on the properties of the Helium atom which 
have been described above. 

for the experiment is practically the 
same as was used by Bose § in studying the collision of 
a-particles with Hydrogen, and also as that used by Bose and 

# Rntlierford, Phn. Hag., m p. 671. 

t Chadwick and Biel6r, Phil. Mag,, 1921, Vol, XLII, p. 923. 

J Millikan, GottBchalt and Kefly, Phy. Rev., Vol. XT, 19 ^^ 

Wilkins, Phy/EeV.i Tol.' XIX, 1922, p; 21^^ 

I Loc. cif. 
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Ghosli * in photographing the tracks of recoiling rest atoms of 
Radioactive substance. The expansion [chamber 0 (Fig. la), shewn 
elaborately in Fig. 16 




consists of a shallow fan-shaped brass Vessel, the top and front being' 
replaced by glass. The length of the vessel is 15 o.na., maximum width 
10 c.m, and the depth 2 c.m. It is specially designed to avoid^ ffi^ 
turbulent motion of the enclosed gas when it suddenly expands. A 

# Bosf and Ghosh, Phil Mag., 1923, VoL XLV, p. 1060, 
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capper wire with a deposit of Polonium is introduced into 0 , throuj^h 

the hole H. On suddenly expanding the gas in- 0 , the supersaturated 
water Tapour condenses on the tracks of the a-particles emitted from 
the wire at H thus rendering them visible. C is connected through the 
valve V to the graduated bottle B ^ which again through a glass tube 
is connected to Bjj. and are partially filled with water, the 
level in being initially higher than that in Bj. . In oinler to fill 
the chamber 0 with Helium gas, we proceed as follows. The taps 
Tj, T,, T 3 and T4 are closed and the vac. pump started. The 
chamber G and the spaces above the water level in are exhausiod 
as indicated by the manometer M, T5 is now closed and T j opened. 
Helium from the reservoir bubbles through the water in and fills 

the chamber C and the space above the water level in Bj till the 
manometer shows atmospheric pressure, Tj is then closed. The 
apparatus is now ready for work. 

The method of expanding the gas in 0 is as follows. All the taps 
except T, and Tg are closed and the pump set going. The watei* 
level rises in B^ and comes down in Bj. When the level in has 
come down to the desired mark, Tj is closed. The electromagnet 
El is now excited. The goft iron core K attached to ^ is pulled up 
and thus opens the valve V. A portion of the gas enclosed in C rushes 
into Bj causing an adiabatic expansion of the remaining gas in C. 
The supersaturated water vapour condenses on the ions in the tracks 
of a-particles from the source at H, 

Sunlight focussed into the expansion chamber by a convex lem 
illuminates the ionisation tracks. The following arrangement is used 
for taking photograph of the a-particle tracks at the most suitable 
moment. The electromagnet E, connected in series with pulls a 
soft iron core upwards. The pin P attached to the core strikes against 
a lever L which releases the shutter S in front of the camera Z. The 
a-particle tracks are thus automatically photographed. The position 
of the pin P is adjusted by means of a screw E» which can be moved 
up and down and fixed at any point. The shutter can thus - be opened 
at the most suitable moment. 

Eemlts : — 

( 1 ) Altogether about 1,500 a-particle tracks are photographed* 
aeries of experiments put ct a total number of 1,208 tracks 44 
p3X»dpce peeoa The percentage 0 about 3*66, a value 

^idimh m ^ what has been observed by Bos® 
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(2) The range of the recoil atoms varies from 0* * * § 94 c.m, to 3*2 c.m. 
Phis valne also appears abnormal compared to what Bose has observed 
n Hydrogen. 

(3) The angles which the recoil atoms make with the tracks of 
L-partieles after collision vary from 1° 23' to 6° 17' approxi- 
nately. In no single case did we obtain any photograph in which the 
mgle approached 90°. According to Darwin ^ both the values 0° 
bnd 90° are to be expected, Blackett t has taken a large number of 
photographs of a-particle tracks in a mixtui’e of Helium and air, and 
tmongst them are found a few tracks of recoil atoms which make 
ipgles approaching 90° with that of the colliding a-particles. These 
le has taken to be due to collision with Helium atoms. It seems to 
IS that this is a rather unsatisfactory way of identifying the recoil 
He atoms. 

So far as our results are concerned, we find that in the case of the 
Long range recoil atoms, the angle of divergence approaches zero, while 
Eor short range recoil atoms it is larger. This behaviour can, we think, 
be satisfactorily explained, if we attribute like Chadwick and Bieler f 
an oblate spheroidal structure to the a-particle. When the distance 
between an a-particle and a He nucleus is large, then both behave as 
point charges of equal masses and Darwin’s theory can be applied to 
such collisions. But for very close collisions, both the nuclei orientate 
themselves so that their major axes are perpendicular to the line of 
mutual approach and then the recoiling atom is thrown forward in 
the direction of motion of the a-particle and the energy which is trans- 
ferred to it is greater than what it would have' received under the law 
of inverse square. 

Finally we have not obtained any recoil atom track which is 
mm*kedly greater than that of the parent a-particle. This would 
indicate that the He atoms do not exist as singly charged particles 
during the whole course of their existence as ionising agents. Beoent 
investigations of Henderson § and Rutherford || seem to indicate 
that dming the whole of its existence an a-partiole can many times 
alter the charge it carries and only during the last few millimetres of 
its path does it carry a single charge. 

* Log, dt, 

t Blackett, Proo, Koy, Soo. bond., 1923, Vol. 103, p* 62* 

J Log, cit, 

§ Henderson, Proo. Roy. Soo, Lond., 1922, Vol. 102, p, 493. 

II Rutherford, Proo. Oamb. Phil, Soo., 1923, Vol, 21, p* 604. 
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.. Summary',-— . 

With an apparatus specially designed for ihe purpose are ohtained 
Wilson photographs of a-partiole tracks in Helium. 

Out . of 1,203 lines the total number of forking is 44, the percentage 
being 3 65, a value which is rather high in comparison to that observed 
in Hydrogen. 

The range of recoil atoms varies from 0*94 c.m. to 3*2 c.m. This 
value also is high in comparison to that in H. 

The angle of forking varies from 1° 23' to 6*^ 17' approacimately, 
Coiiti'ary to what is expected from Darwin^s theory, in no case was the 
angle of forking found to be near 90°. From the fact that almost all 
the x^ecoil atoms move in the direction of the colliding a-particle, it is 
concluded that the He-nuclens is oblate spheroidal in shape. 

No recoil atom track was found to be appreciably larger than those 
of the a-particles. This shows that the recoil atoms do not exist as 
singly charged particles during the whole course of their existence as ^ 
ionising agents. 

In conclusion I have much pleasure in recording my indehtedness 
to Dr. D. M. Bose, M.A., B.Sc., Ph.D„ Gliose Prof, of Physics and my 
best thanks to Messrs. S. C. Datta, H. P. De and J. Das. 

Bull. Cal. Math. Soc., Vol. XVII, Nos. 2 & 3. 
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New methods in euclidean geometry oe four 

DIMENSIONS. 

1. iNCLINATIOlSr OP PLANKS 

BY 

R. C. Bose 

1, Rectangular systems. 

Any tetrad of mutnally orthogonal directed linefe OA, OB, 00, OD 
emanating from a common point 0 , can be taken as axes of co-ordi- 
nates, OA as the axis of .Pj, OB as the axis of .rg, 00 as the axis of 
and OD as the axis of ^<^ 4 . We will call such a system of axes of co- 
ordinates a rectangular system and denote it by 0 [ ABOD J. 

Jjet 0 '[ A'B'C'D' ] be any other rectangular system. LetZ^u Zgi, 

^8l> ^41 J ^8®’ ^ 4 * > ^*8’ ^3a> ^48 » ^4* 

direction cosines of O'A', O'B', O'C', O'D' refen^ed to 0[AB0D]. If 

direction cosines of a line referred to 
0 '[ A'B'C'D'] and the direction cosines of the same 

line referred to 0[ ABOD ], then evidently, 

P'i=Px^ii+Vihy-^Pnhi+PJ%x^ 

P\-Plhit^p%h^+P1ih2+Pj*ix 

L (1) 

p\=Pihz'^Pixhf^+PshB+Pj4.t^ \ 

P\-Plh4,+PlX^i4.+PHh4+P4.h^J 


Let 

> 

IB 

i j 1 

h\ 

^4 1 

.,r(2) 



h. 


hi 

hi 






hi 

. hi^i 




^1* 

w 

V 

1 
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Then A* = 1 0 0 0 =1 

0 1 0 0 

0 0 1 0 

0 0 0 1 

/. A = + 1 or —1 

The rectangular system , 0 [AlBOD] is defined to be congruent to or 
opjpos^^e to the rectangular system 0'[A'B'C'D'] according as A is 4-1 
or— 1. 

If the rectangular system 0[ ABOD] be congruent to (^opposite to) the 
rectangular system then the latter is congment to {o^fosite 

to) the former* 

This follows from the equality of the determinants 


h. 


h. 

hi 


hi 

K a 

hi 

hi 

h* 

h* 

hi 

h* 

and 

hi 

hi 

^9 3 

^14 

h* 

h* 

hs 

hi 


hi 

hi 

^'3 3 

hi 

i,,.. 

li. 

■h. 

hi 


hi 

^49 

^4 3 

hi 


The rectangular systems 0'[ A'B'C'D- ] and 0''[ ] are am- 

gruent to one another if both are congruent to or both are opposite to ano- 
ther rectangular system while they are opposite to me another 

if one is congruent to 0[ ABOD ] other is opposite to it. 

Let iii, Zij, ifs, [2^=1, 2, 3, 4] be the direction cosines of 
O'AV 0- B', 0^0^ OTD' and m^^ [1=1, 2, B;4] the 

direction cosines of 0"A", 0"B", 0"C", 0"D" when referred to 0[AB013] 
as axes ► If irPi 2 > jP? a> jPi 4 [ 2, 3, 4] be the direction cosines 

of O^'A'^ O^'B^ 0^0^ O^D^ rete^^ to 0^[ AB^O'D'], we have 

[i^l,2,3,4; i=l, 2,3,4] ... (B) 

PxT. P^X ,A'e m^x 

Ti^ j^sa jPsa P43 ^xa ^aa ^^sa '^^ 4 a 

pis Pas Pss P 43 W -95 W^sa 

Pi 4 Pt^ p 34 P44 W34 
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End iefi A be as in (2). Then from (3) we evidently have 

A"=AA'. 

Hence, A*=+l*if A = + l) A^= + l,or, A = — 1) — 1 

while A"=-lif A = + l, A'=-l, or, A = -l, A'=+l 

The two theorems proved above show that rectangalar systems in 
fonr-space can be divided into two classes, such that 

(а) any two members of the same class are congruent. 

(б) any two members one from each class are opposite. 

■Rectangular systems obtained from 0[AB0D] by an even number 
of interchanges of the letters A, B,-0; D, are of the same class as 
0[AB0D] while systems obtained by an odd number of interchanges 
belong to the other class. 

Let one of these classes be named class (A) and the other^ tl^e cla^s 
(B). We shall then make it a convention to choose as frames of refer- 
ence rectangular systems of a given class only, say class (A), and shall 
accordingly restrict ourselves to orthogonal transformations whirh 
ohange the axes from one rectangular system of the class (A) to an- 
other rectangular system of the same class. With this convention we 
can say that for any orthogonal transformation in which the axps 
changed to lines whoso direction cosines referred to the initial axps 
are li „ 1^ (i=l, 2, 3, 4) the determinant A given by (2) is 

always +L 

2. • Directed Planes. 

All the lines, planes and hyperplanes considei*ed in this paper should 
beregfii^rded as passing through a common point 0 even when express 
mention is not made of this fact. 

In any plane we can conceive of two opposite rotational senses 
about the point 0. A plane with a particular rotational sense assooia- 
|ied with it will be called a direcied^plane. 

Lei OP, OQ be two directed-] ines. Let OP be denoted by p and 
QQ by Let a denote the plane POQ with a particular rot^tipnal 
sense associated with ifc, then «- will denote the same plane wl|h the 
opposite rotational sense associated with it, 

A' . 

We shall use the symbol pq (a) to denote the angle & through which 
turns to occupy the position of g, 6 being reokgned ve oi' — ve 

1 
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according as the rotation of y is in the same or the opposite sense to 
that associated with a and taken so as to satisfy the inequality 

— TT < 0 -< TT . 

We then have 

A , A A A 

)pq (a) = — a) = — gMo-) ““ 

The cosine of pq{cL) shall be denoted by the symbol (pq) and the 

sine of pg(a) by the symbol [_pq, a]. It should be observed|that (pq) 
^ (qp) while [pq,a]^-[ qp, a ]. 

A 

If i and V be two directeddines in a such that W^(a)=7r/2 we de- 
duce from the trignometrical identity 

sin (A— BJ ssin A cos B — cos A sin B 

the relation 

; Let 0[ LL'MM' ] be any rectangular system and lot 1, l\ m, m' de- 
note the directed-lines OL, OL', QMj and OM' respectively. Let X yu, n, 
X',, /Jt', v' be directed-planes containing l^V \ m ; m' ; m'; V i 

m respectively and with associated senses of rotation such that 

A A A A A A ^ 

ZZ'(X) =hn(ft) = W(v) =m?3^\X') =m7'i / a') = J m(v')=7r/2. 

Then X, XV ft', v' are defined to be the (directed) co-ordinate planes 

of ^8*^ 4)7 and ^ 2^5 respectively* 

Z: Lemma. If p he any directed-Unei and m, m', q directed’^Unes in 

a 0 iven direded'plane mm^a) being then 

ipq) (5) 

'Let • ni and mf be taken as the axes of and respectively, the 
axes of 'aj 3 and being two other directed-lines I wd V. 

The direction cosines of p are then (pm), (pm^)^ (pl)^ (pV) and the 
direction cosines of g are iqm \ (qm'), 0, 0. 

A (pq)^(pna)(qm' + (pm^^ 
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4. Theorem, If p, q, p\ q‘ be four directed lines^ with direction, 

... ( 6 ) 


cosines Pi^qi^p' 

i ) 3 ‘ 

[i=l, 2, 3, 

4], 

then 

[np'q'\= 

Pi 

P. 

p. 

P4 



7> 

3a 



Pi' 

P.' 

Pa' 

P/ 



3a' 

3a' 



remains tmchanged by an orthogonal transformation. 

Let Pi, qi, p'i, q'i (»=1, 2 3, 4) 

be the direction cosines of p, p\ referred to 0[A.B0D] and 
®i» s'i(i=^l, 2, 3, 4) be their direction cosines referred to 

0[A'E'C'D']. Let Z, Z', m, m' denote the lines OA', OB', OC', CD' 
respectively and let 2, 3, 4) be the direction 

cosines of these lines I’eferred to O[AB0D], then 


ri T, r3 

— 

(pl) 

{fV) 

(pm) 


^*8 ^4 


(ql) 

(qV) 

(qm) 

iqm') 

^'i ^'2 


ip'i) 

m 

(p'm) 

ipW) 

S 1 6’ g A' g ^’4 


(q'l) 

(.q'V) 

(q'm) 

(g'm') 


Pi P« Pa Pi 


K ^5 ^4 

3\ 9» 33 3* 



P', P'a P'a P'* 


7)1^ mg 

q'l 3'a 3 ' a 3 '* 


m\ m\ m'g m'4 


Since the second determinant on the left hand side is +1 according 
to the convention adopted, it is clear that [pqp'q''] remains nnchanged 
by a transformation of rectangular axes (from a rectangular system 
of a given class to another of the same class), 

5. Theorem. If p, p/ directed lines in a given directed plane 
and q^ q^ directed lines in another directed plane then 


i(.. mm 

[Pl> . , 


.. ( 7 ) 


is invariant for all positions of p, p' q^ q^ on the given planes. 
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Let i5, V be two directed lines in a and w, m' two directed lines in 0 
A A 

making lV{a.)^irj*l and mm'()S)=ir/2. Tken by (5) we have 

{pq'):=(pni)(q'm) + (jpw')(tfW) 

(p'q) = ( p'm ] ( qm ) + ) ( qm') ^ 

(j)^q')==^(p'm)(q^M) + (p'm')(qW) 


(pgy¥>'q')-(pq')(p'q) 

= {(pn)(p'm')—(pw/)ip'm)} {(g'ntKgW) — { 5 'm)(gm')} 
={(mp)(m/p')—im'pXmp')}[qg',^\ by (4). 

Similarly 

(wp) ( W2?)(mp') == {Zm)(ZW) }[y^V «*] 


i(a, 


Sinbe Z, Z' are two arbitrary directed-lines in a making IV (a) =^^[2 

A 

and w, m' are two arbitrary directed-lines in 0 making mm^j8)=7^/2, 
by varying p, p\ g, q^ while keeping Z,Z', m, fixed we see that I(a, 
is an invariant foi^ all positions of p, p' in a, and g, g' in j8. 

6, Theorem. If p, p' he directed lines in a gimn directed plane a 
and g, g' direccted lines in miother directed plane 0, then 

% j 8 ]b 0 ) 

is invariant for all positions of p, p' and g, g' on the given plaim. 

We have already seen that the value of [pgpV]* is independent # 
the particular rectangular system chosen as the frame of reference 
^pro^ded the choice be restricted by the convention adopted '* Choose 
for the axes of and directed lines Z and V lying in a and making 
A " 

IV (a) =7r/2 directs 1mm m and rfV be axes of and ; 
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■ The direction cosines of p' are respectively, 

( 2 ,Z),(K). 0. 0 and (p'Z). (p'Z'j, 0, 0 
* and the direction cosines of q and are respectively 

{ql), {qV), (g?7z), (qm^) and (q'l), (q'i' ,,,'i q'm), (qW) 


til 


iS'ow [jpg'pV]— 


(pl) (pV) 

.(ql) (qV) 

(p'l) {p'l'l 

(q'l) iq^V) 

ipl) ipV) 

(p'l) (p'o 


0 0 

(qm) (qrn^) 

0 0 

(q'm) (gW) 

(qm) 
(q'm) 


(qm^) 

(q'm') 


-b/j ... by (4). 


-{(q'm)(q'm')-(qm')(q'm)} 

This shows that I[a, is independent of the position of p and p' 
in a. It can bo similarly shown that Ij'a, is independent of the 
position of q and q' in /3. 


7. Fla7m simply perpe^iAiculwi' to two given planes. 

Two planes are defined to be simply perpendicular when they inter- 
sect in a line and each contains a line perpendicular to the other. 
A plane which is simply perpendicular to each of two given planes is 
said to be a common perpendicidar to both . 

' Let a and yS be two directed-planes. Let I, V he directed-lines in a 

A ^ ^ A 

making lV(a)=STrl2 and m, m' directed-lines in /B making mm'(^)^ 

ir/2. Let p and q be directed-lines in a and yS respectively. We isrhall 
determine the positions of p and q for which the plane P, which contains 
both p and g, is a common perpendicular plane to a and yff, 

A ■. 

Let p'j q[ be directed-lines in a and y8 respectively making pp'(a) = 
A 

irIZ and =7r/2. When P' is simply perpendicular to both a 

and yS, p' and q' are each perpendicular to P and therefore (pgS rs 
(p*q)^0. Again if ipq^)=^(p'q)=0 it is easy to see that P is simply 


11 ^ 
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'perpendicular to a and Hence the necessary and sulBSoient condi- 
tions that P is a common perpendicular plane to a and yS are 

(pg')=0. (p'q)=0. 

Now (pq'y=(P‘>n)'q'm) + (pm')(q'm'), by (5) 

~('nil^{plj(q'm) + (ml')(pl')(q'm) 

+ (m'l)(p)l)(^q'm') + (m'V ) (pV )(q'm') by (5) 

But (p'V) = (pl), (p'l) = — (pV), Xq'm')=:(qm) &iid [q'm') = (qm'} 

(Pq') = — (ml) (pl)(gm')~(ml') (pV){qm') 

+ (w,'l){pl)(qni) + (m'l'){pl'')(qm,) 

Put (pl)l(pl')=x,iqm)l(qm’)=y,(ml);^a,(mVjz=b, 

(m'l)=c, {m'V)=d 



... m 

Similarly ~ + « + 

... (10) 

(pv)(qm') =<^y+by+<='^+<i 

... (11) 

7p2T(gmO =°+2>^ + ^y+d..y 

... flS) 

When (pgf')==(p'g)=:0, as and p must satisfy the 
equations 

simultaneous 

h'^ax--dy’—e.iy=:0 

... (13) 

ay^hxyz=Q 

... (14) 


Three cases may arise. 
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Case I. ar=b=c=d=:0 

In this case the equations (13) and (14) are identically satis led. 
p and q may be any lines 'whatsoever (through 0) the first lying in a 
and the second in The planes a and j8 are absolutely perpendicular 
in this case. 


Case II. 

= — a = c/6 


^^e., either 

a—d, 

... (16) 

or 

— d, hz=zc 

... (16) 


. Equations (13) and (14) reduce to a sinsrle equation in this case, 
which "when conditions (16) hold may be written 

6(H-a2/) + a(flj-2/)=0 (17) 

Corresponding to any arbitrary value of a? we can always find one 
and only one value of y such that (13) and (14) are simultaneously 
satisfied. Thus for any position of p in a we can find a position of q 
in such that the plane containing p and q is a commmon pei'pendicul xr 
to a and p. 

A A 

Let pl(a):=zO, 

A ^ A ^ 

then, pi'(a)=^+^, . g»^'(^)= | 

aj£= (pl)l(pV)xi:^oot $, y=:iqm)j{qm')^^coi <li. 

Equation (17./ may now be written 

a (tan tan 6 (1 + tan d tan<jb)=:0 

or tan (5— <jb)=6/a ... (18) 

Equation (18) shows that in this case if the plane containing p and q 
is common perpendicular to a and y8, then the plane containing ir and $ 
is also common perpendicular to a and where r and s are any two 
directed lines in a and )8 respectively making 

A. ■ .A 

pr(a)i=cq$H3). 
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Again equation (11) gives 

(pq)=a CDS i0~<li)+b sin ( 6 — <^) = (rs), 

Sence the acute angle cut out a snd. /3 on any common pefrpendi* 
cular plane remains constant. 

Similar results hold when equations (16) are satisfied. 

Gase IIT. Let neither of the conditions (15) or (16)be satisfied. 
From equations (13) and (14) we derive the following : 

(b* —o‘) + (ab+cd)»—(bd+ao)y=0 , ... ( 10 ) 

(a 6 + cd) 0 e>— l)-(a»- 6 »+c*— (i*)i #=0 ( 20 ) 


(ac+5d)(y®— l) + (a“+i'— c*— d»)y=0 ... (21) 

A A 

If pZ(a), grm(^), a;, y be taken as in Case II, the last two equations 
. inay be written 


tan2^= 2(ab+cd) 

a* — b*-i-c*—d* 


( 22 ) 


tan 2<l)=. 2 (ao + 5(^) 

— a® — i»+c»+d» 


(23) 


The quadratic (20) determines two vajnes of x or— cot $, whose 
product is - 1 , Given any value of cot « satisfying ( 20 ), the direoted- 

'■ ' ■ 

line p making jpl (a)=$ may be any one of two opposite directed'lines. 
The linear equation (191 gives a unique value of cot (^ corresponding to 
this value of cot and thus determines 3 SB one of t^o opposite 
dircetod-lnes. The plane oontaining p and q is then uniquely deter- 
mined. The second ropt of (22) determines another common perpendi- 
cular plane in the same way. Hence we get in this case two planes 

common perpendicular to a and A These planes are obviously abso- 
lutely perpendicular to one another (as tho product of the two values 

of cot d is —1 and the same holds fw cot <t). 


direefced planes through O, We have shown 
that we can always fiud at lea# two p]e.nes, absolutely perpendicular 
to one another and common .peappudiotid^r to « and 
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Let 0 [LL'MM'J be a rectangular system (of class A) such that 
the lines OL and OL' lie in one common peipendicular plane and the 
lines OM and OM' in the other. Let I, l\ m, m' denote the directed 
lines OL, OL', OM, OM' respectively. Let y and S denote the 
(directed) co-ordinate plane of and respectively. 

Let 2 ^ be a directed-line common to a and y, a directed-line common 
to IS and y, p' a directed-line common to 8 and a, and g' a directed-line 

common to 8 and /3, the lines being so selected as to make pp'{a)z=z 

A A A 

Then pg(y) and p'^'(8) are defined to be the angles 
between the directed planes a and 

The rectangular system 0[L'LM'M] satisfies the same conditions as 
0[LL'MM'J. The (directed) co-ordinate planes of ana for 
0[L'LM'M] are — y and —8. Hence the angles between a and /S can 
A A 

also be taken to be pg{ — y) and p^q\ — h). Again if r and r' are directed 
lines opposite to pand p' respectively, they satisfy the same conditions 
as pandp'. So the angles between a and ^ may also be taken to be 
A A A A 

rgly) and r'g'(8) or y) and r'g'(— 8), If for example the angles 
between a and ^ are 15^ and 185°, the angles may as well be taken to 
be —15° and —135°, —165° and —45° or 165° and 45°. It should be 
observed that the pioduct of the cosines as well as the product of the 
sines of the two angles is unambiguosly determined and we proceed to 
show that these products are equal to Ifa.yS) and l[o,)8] respectively. 

When p, p', q' are chosen as above, we have 

(pq') = (p’q)=:0, [pp', a]=[g 3 ', ;8J = 1 

(P3)=:COfl (pY)=COStf„ 


[P 3 , y]=mji [pY, 8]=sin^, 

where , and 6^ are the aiiglen between re and /3 




/. cos cos tf,=I(o,j8) 


... (24) 
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Again the direction cosines of 'p, q, q' refeiTed to 0[LUMM'] 
are reapectiYely. 

; , (pi), (pV), 0, 0; 

(qln IgV), 0, 0 ; 

0, 0, {p'on), (2/m') ; 

0) 0, (g'm), iq'm'). 


But 


J[a.j8] = 


[pgpVI 
W, «]C?9', )8] 


by (8) 


— {iPl){9l') — (''^l')iqh}{(p'm)(q''m') 

— (p’m’)iq'm)}, by (6) 

= [P3. y][pV. 8J 

.% sine, sine,=I[a,j8] ... ... (26) 

From (24) and (25) we have 


cos (ei-e,)==l(o, ^)+l[a, 23 ] ... ... ( 26 ) 

cos (e, + 0 ,)=I(a, ^)-l[a, ; 8 ] ... ... ( 27 ) 


We shall make it a convention to take values of e, and S, satisfying 

o<e,+e,:5ff, o^e,— e,<a- ... ... (28) 

With this convention the t-wo angles between two planes are 
uniquely defined. 


9, Direction constants of direcied planes. 

list o be a givendirected-plane. Let 0[LL'MM'J be chosen as the 

frame of reference. Let m and m' denote the directed-lines OL, 
, 9 M' respectively, and M X, /i, V, V d the 
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directed co-ordinate planes of x,x„ and 

ajait?g respectively. Let 

. tt = I(aj A.) — l(a, a') 

6 = l(a., a)— 1 a. yu.') 
c = I(a, ii)— I(a, v') 

/=I(a, A).H(a,X') ’ ••• 

(/ = l(a, /a) + I(a, fjJ) 

h = l(a,v) + l(a,v') ^ 

Then a, 6, o,/, </, h are defined to be lUreoHon oondanls of a referred 
toO[LL'MM']. It should be observed that if a, 6, c, /, /i are the 
direction constants of a those of ai*e —a, —h, —c, — —g, ~h. 

Let p and.p' be two directed lines in a makiagpy(a)=</>. Let ff, 
Pi' (*=li 2, 3, 4) be the direction cosines of p and p'. 

I(a, X) = ^ P^)(p '^^-(pV>(p'l ) 
sin ^ 


■ I(.“i ^) = (p,p',— p'iPj)/8in^ 

SimilarljrI(a,p) = (py,_/,-oj/8in ^ 

I((x, v) = (jp,p'*— p\p^)/sin ijl* 

I(“>X'l=(Psf>'4,— ^ 
I(“>m') = (p*p',— 2/*p,)/8in <f> 

I(o, v')=:(p,j/,— p'jpj-j/sin 


Ganguli defines the expressions on the left hand side of (30) to be the direo- 
tion oosines of a. (Ganguli, Qeomtry oj Bmnpacea, Vol. II Art 13). 

Thus ifo,, ti, 9^, X, be the direction oonsinos of a plane whose direotion 
oonstnnts are a, I, c,f,g,h then 

Theso equations at onoe enable us to express the results obtained in this paper 
interins of direotion oosines but it will be found that in nearly all oases the use 
of direotion constants enables us to express onr formulae more oontpaotly. The 
close analogy between formulae (83), (84) , (87), (88), (46X (47) and formulae 
(62) to (76) with corresponding formulae Of three dimensional geometry should 
also be noMoeds 
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Ifow sin*<^=l— cos*^ 

= (P 1 * +i> J * +2’8 * +P* I * +JP'» * +1^'8 ’ + P'* ’ ) 

—(pip' *y 

= (p y . — J^'x^ 8 ) ” + (i’ iF's - y iP 3 ) “ + (p 1 /* — P' * ) * 

+ (P8P'*— P'8P*)* + (P4P'8— P'tPj’ + CPsP's—P'l-Ps)’' — (-^1) 

Again from the determinant identity 

jPi Pa Ps P* 

p'l p'j p's p'* 

=0 

Pi P» Ps P* 

•Pi p's p's p'* 

it follows at once that 

(PiP's -p'iPs)(P8P'* -p'aP*) + (PiP's -p'lPs )(p«p's -p'*Ps ) 

+ CPiP'4— p'lPsHPsP's— P'sPs) ••• 

From (29;, (30), (31) and (32) we have 

a*+6»+c*=l (33) 

/*+5^* + ^*=l (3^) 



10 To express the angles between two directed jolanes in terms of their 
direction constants , 

Let a and ^ be twe direct ed-planes with direction constants a, &, o, 
and a', /, 5 ^', respectively. 

Let ^ 1 , be the angles between them. Let p, jp' be directed-Knes 
in a, and g, f directed lines in yS, the direction oonsines of gf, 2^ 
beingpi,y,, g,-, (^=3l, 2, 3, 4) respectively. 

cos cos Sa=I(a, |8) by (24) 



(pg)Cpg') 

^p'g>(py) 

VP'yO-lm'rP'. 


by (7) 




Ps 

Ps 

p* 


r' . ■ ’ jwiv' 

i':p'i 

p's 

p'. 

p '4 

3'i 


28 

S's 


3* 
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Hence from (30) 

cos cos 6,=I(o, X)I{/S, \) + I(o, /J,) + I(a, v)I(^, v) 

+ + + OIC/J.v') ... (35) 

Again sin 6, sin ^|,=l[a, /J] by l25) 


I-I 


Fa 

lU 




3* 

p'l 

/a 

F 3 

p'i 


9\ 

9\ 

3'» 


/[!>/.“][ 22'. iSP 


Hence from (30) 

-sin 6^ sin tf,=I(a, XUl^S, X') + lfa, jti)I(A /) + !(“! '')I(A r') 

+T(a, X')I(i8, X) + I(a, |it')I(i8, m)+I(o, v')l(A «) (36) 


From (29), (36) and (36) we have 

cos (^9i~6f '—o,a!“i'bb'-\'Cc' ••• (37)t 

coB(e,+$,)=zff+9g'+hh' ... (38;t 

With the convention adopted in Art. 8, (37) and (38) nniquely 
determine and 6„ when a, b, c, f, g, h and a', 6', e/, /, p', X' are 
known. 


Corollary (1). 

COB 0^ cos 6,=:i{aa'+bb'+co'+ff+gg'+f>h') ... (39) 

sin 0.1 siu 0a—-i{aa'+bb'+co'~ ff —gy'—hh') ... (40) 


* Gauguli, Am. Oeo. Parfc I> Page 31. 

Oauguli obtains expressions for cos* cos* and sin* sin® From what 

has been proved it is evident that in extracting the square root the positive sign 

must he taien in the first and the negative sign in the second case- 
: + Sea foot-note page 117. 


1^0 
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Corollary (2). 

Since the direction constants of —a and — /3 are respectively f/., 
—6, — c, — —/i and —a', —6', — t', — — gr', the ang-los 

between — a and are the same as those between a and yt?. Again 
the angles and between a and — ^ (or between — aarid/3i are 
given by 

cos (<^i—0a) = — aa'— 62)'— co' 
cos (<l>^+<l>,)=z-ff-gg^^hh' 

^l+<^2=’r — ^x-^2 

Hence^ if 6^ and 6^ he ihe angles between a and /?; the angles between 
a and p {or between —a and /?) are and — 

Corollary (B). When a and ^ intersect in a line, we have a directed 
line r lying in both a and Let p\ be directed*-lines in a and /? 
respectively. 


sin sin = 


Vr p^q'] 

[wV^fpYT/j]’ 


by (25) and (8), 


=^- by (6). 

cos (0, +d. )=cos (d, ) or &, =0. 


Hence one of the angles between o and /Q vanishes. 

angles between a and j3 vanishes, they 
inteisect .in a line, ^ 

{40) then shows that 

_ m necessary and evident condUim that a and yS intersect in a 
Line is 

aa!+W ' ... f4l,# 


^ * See foot-Bote page II7. Compare ' with Art. 17 
CiahgtiU , ' 
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The non-vani$hmg angle 6^ between a and jS is given by 

cos ^ 1 — aa'4*2)fe' + cc'==//'+^,9r'4*7iV, 0 < < tt (42) 

In case 9^ =0, a and ^ become identical. In case 9^ =7r, is the same 
as —a. In other cases 9^ cannot have the extreme values 0 and ir. 

Corollary (4). When a and are simply perpendiciilar they inter- 
sect in a line, hence by the previous corollai\y 

sin 9^ sin =0 

Again by definition a contains a directed line f perpendicular to ^ 
and contains a directed line q peipendicular to a. Let q' be two 
other directed lines in a and y9 respectively. 

Since y is perpendicular to jS and q is perpendicular to a 
(.vq)=(pq')=<v'q)=o 


cos 


cos e. = =0 


cos (^i+^,)=cos 6j)=0 

.% 6>,=27r/2, 61, =0. 

i.e.^ The angles bekveen two ylanes simply perpendiouloiv to one another 
are 7r/2 and (X 

Hence from (39) and (401 the necessary and sufficient conditions 
that a and may be simply perpendicular are 


(48)* 


aa'+i6'Hhcc'=0 

Corollary {5), 

sin*(^i— 6,)=1— (aa'-f 66'+cc/)* by (37) 

" =(u» + &*+c*)(a'»4*6'*+c'*)— (W+66'+rc')* - by (33) 

=(6c'--6'c)* 4- (ca'-c'ct)* 4-(ab'-a'6)» 

See foot-note page 117. Compare with the condition of perpendicularity 
of two Un^es iu three dimensional geometry. 
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As 01 and 0» satisfy (28) sin (0i — 0a) is positive. Hence 

sin(0,-0a) = {(6c'-6'c)« + (ca'-c'a)*+((i6'-«'ft)*}^ ... (44) 

Similarly 

sin(0,+0a) = {(ff7i'-/a)*+(V'-^'/;‘ + (A'-/0>*}^ - (45) 

11, Isocline Planes 

Let a and /3 be two directed-planea and let and 6^ be the anglen 
between them. The angles between a and — are then by 0o7\ (2 ) to 
the last article, and — ^a, 

a and p are defined to be directly isocline in the -h ve sense at an 
angle when B^ =:da=^ and to be inversely isocline in the +ve sense ai 
an angle ^ when tt— = =<^. Again a and /J are defined to be 

directly isocline in the ^ Ye sense at an angle <f> when and 

to be inversely isocline in the --Ye sense at an angle ((> when 
B^ =<#>. 

When a and p are isocline we can by the definition of angles 
between two planes find directed lines p, p' in a and q, in yfi so that 
(P2^)=(?3')=(P3')=(P'?)=0 and fP3)=(pV) o*" —(PV') according 
as the isoolinism is direct or inverse. Hence the investigations of 
Case II Art. '7, apply to this case, a and ^ have an infinite number of 
common perpendicular planes one passing through each line of a (or /?)/ 
The acute angle cut out by a and /3 on any common perpendicular 
plane remains constant. 

Let the direction constants of a and j8 be a, &, c, /, h and 6', 
f, g[^ h' respectively. 

When a andjS are directly isocline in the -f ve sense B^ —6^ =:0 
/, aa'+66'+cc'=l, by (37) 

Also " ’ a* 4-6*4’C*=a'^+6'*H-c'*=l, by (83) 

(a-.aO" + (6-50 » + (c-o')* 

or a-^o'=5— 5'=c— c't=0. 

Again if a -a'=5 — 5'=c— c'=0, 

cos 0,)=aa'+55'+oc' 

= a*+5*+c«=:l 
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Eence the necessary md sufficient amditimis that a and P may he 
div&ctly isoclifie in tli& Hh’V© sense dTC 


a-a'=5-6'=c-c'=0 


... (46) 


Bimila-rly 

The necessary and sufficient conditions that (i ) a and /J may hi- in 
versely isocline in the +ve sense (ii) a and P may be directly isocline in 
the -re sense (Hi) oi and p may be inversely isocline in the -va semi, 
are respectively 

ii) a + a'=&+2>'=:c+c'-0 ... (47) 

iii) f-f'=g-g'=ih-h'=iO - (48) 

iiii) f+f=cg+g'—h+h''=Q (48) 

Again from (38) we find, 

If a and are isocline in the -fve sense at an angle th 

cos2</»=:±(//+.w'+A; 0, 0<2^<Tr 

the upper or lower sign being iahen according as the xsoclintsnfi 
inverse. 

Similarly from (37), 

If a and p are isocline in the — ve sense at an angle ^ 

cos 2<^==±(aa' + W'+ro'). 0 < 2^ < ir ;*,* (51) 

the upper or lower sign being tahen according as the isoclmism is direct or 
inverse. 

It follows from Cor, (2) to tlie last article that if a and jSiare direcstly 
(inversely) isocline in a given sense at an angle — a and — ^ are 
directly (inversely) isocline in the same sense at an angle and a 
and or -a and p are inversely (directly) isocline in the same 
sense at an angle This enables ns to define isoolinism between 
two planes without any reference to the rotational senses attached to 
them. 

Let P and Q he two planes* Let the direoted-planes y and B, 
obtained by associating particular rotational senses with P and Q bo 
-f ve-ly (— ve-Jj/) isocline at an angle The directed planes obtained 
by reversing the rotational senses with either or both of P and Q 

+ve-f^ (--ve-li/) isocline at the same angle and 8, y and 

-y and —8 are also isocline at an angle though the iso- 


(50) 
is direct or 
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blinism niay be diretit or inverse. P and Q may then be called 4-re-Zy 
{^Ye-ly) isocline at an angle f. Thus 
, Two ]plme8 P and Q.will he called +Ye4y (— ve-Zy) isocline at 
an angle xj/, if the directed planes obtained hy associating arbitrary rota- 
tional senses with P and Q are always ^Yo-ly (^je-ly) molineM an 
angle ^ 

. , OoTollary {!). If directed planes a and ^ are both directly or both 
inversely isocline to another directed plane y in the H-ve (—Ye) sense^ then 
a and jS are directly isocline in the +Ye(— ve) sense. 

If the directed-plane a is directly isocline^ and the directed-plane ^ 
inversely isocline to another direcied-plane y in the +ve (,— Ye) sense, then 
a and ^ are inversely isocline in the -|-ve (—Ye) sense. 

This follows at once from conditions (46) to (49), Without reference 
, to rotational sense the above may be stated as follows : — 

If planes P and Q are each isocline to a given plane R in the +Ye 
(— ve) sense, then P and Q are isocline in the +ve (— ve) sense.^^ 

Corollary (2). If a directed plane a intersects in a line each of two 
directed-planes and y directly {inversely) isocline to one another in 
'6^ sense, the %on^vmishing angles which a makes with ^ and y are equal 
{supplementary). 

To fix ideas let /5 and y be +re4y isocline. Let the direction 
constants of /3 be ti, b, o, f, g, h and of y be ±a, ±c,f, g\ V, the 

upper or lower signs being taken according as the isoolinism is direct 
or inverse. Let the direction constants of a be h^,c^,f^,g^, h^. 
If $ and <l> he the non-vanishing angles which a makes with /? and y, 
we have from (42). 

cos tfi=aai +6hi+cci > 0 < ^ < w 

;; ; , cos^=±(aai + 56j+cc,) , 0 < ^ < tt, 

the upper or lovrer sign being taken according as /3 and y are directly 
or inversely isocline. 

In the first case d&^y, while in the second case 
Withbnt reference to rotational senses this corollary may Ibe stated 
“as follows : 

A. plane intersecting tn lines two given isocline planes makes equal acute 
angles with both A 

* Mmiibig, geometry t^ JS'cwr DimsrnionStp. 191, Art. 

Sttmgharii* ** On th^ISleometry of Planes in a Parahclic Space of four I>imen- 
sionsy praosaotions of the Amerioan Mathematical Society, “Vol. 2, p. 2J0, 
Art. 30(2), 

Also Mamiing, Zoc. ctt., p. 194, Art. iri, 
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Corollary (3). Jf directed-planes y and S vary so that y rmams 
directly {or inversely) isocline in the +ve sense to a fixed directed-plane a, 
and 8 remains directly (or inversely) isocline to d fijted directed plane fi, 
andij 0^ and 6^ be the angles between y and 8 , then remains 

constant. 

Let Cj, fi, Qii c's) /a, be the direction 

constants of a and /?. Let the direction constants of y for a particular 
position be a 3 , 63 , and the direction constants of S for a 

particular position be h^. 

If y remains directly isocline to a in the H- Ye sense,, and S remains 
directly isocline to ^ in the +ve sense, we have by (46) 



Hence from (37) ^i“"^a constant and is given by 

cos(^,-»^ 3 )=aia 3 +6,63+0^03 0 ^ ^ tt 


V ^ We may similarly treat the cases when (?f) y remiains directty* 
isocline to a and 8 inversely isocline to {%{) y remains inversely 
•isocline to 4 and 8 directly isocline to ^ (iii) y remains inversely:' iso- 
vcjfop fo a and 8 inversely isocline to the isooUnism being in tlie 
-Hve sense in every case. 

If directed-planes y and 8 vary so that y remains directly (or 
inversely) isocline in the — ve sense to a fixed directed plane a and 8 
remains directly (or inversely; isocline in the — ve sense to a fixed 
directed; plane and if and 6^ be the angles between y and 8 then 
^i+^a remains constant. 

Corollary "(4). If planes P and Q are isocline to a given plane IL at 
tfie sarne angle hut in opposite senses, P and Q intersect in a line,X ‘ ” 

Let P be positively and Q negatively isocline to P at an angle 
iBet y l^^^ associating a particnlar rota- 

sehso w^ Let a md )8 be directed-planes obtained- by aese- 
‘ with P and @ such that each of a andJjS'^fe 

' Sfeeotiy isocline to y. Let 6 , c, /, g\, h be the direeMon eonstante of 
direction constants of a and a,, c*, 

ha the direction constants of p. Prom (46) and .(48) . , ' : 


a=xdi,v 5s=:6f, c=Ci ; /=/a, g^g^y A=h, 

- ^v', ' Vv' - t • ■ ■ ■ . .. ' 

i Vo : t Mfi«»ywng, J&oc, _ 
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From (50) and (51) 

cos2</>=aa2 + 65j fcCa=:^i+grgfi+Mi 

Hence +6i&a+CiCg =/Ja 

which by Cor. (3) Art. 10 is the condition that a and ^ intersect in a 
line. Hence P and Q intersect in a line. 

12. Direction constants of directedrjplanes absolutely perpendicular to 
each other. 

When two directed-planes are absolutely perpendicular the angles 
between them may he 7rf2,7rl2 or 7r/2, — 7r/2. 

In the first case the planes are directly isocline in the +Te sense 
and inversely isocline in the —ve sense. They will be called absolutely 
pei'pendicular in the -f-ve sense. 

In the second case the planes are directly isocline in the — ve sense 
and inversely isocline in the 4*ve sense. They will be called absolntely 
perpendicular in the — ve sense. 

We shall denote by a' the directed plane absolutely perpendicular 
to the directed-plane a in the +ve sense, and by —a' the directed 
plane absolutely perpendicular to a in the — ve sense. 

If the direction constants of a be a, h, c, /, h conditions (46yto (49) 
show that, the direction constants of o! are a, 6, c, — — .p, — 

and the direction constants of •-a' are —a, —5, — c,/, 

It should be observed that —a' is absolutely perpendicular to— a 
in the +ve sense, since the direction constants of —a are --at 

Oorollary (1). If o> directed-plane is directly (inversely) isoc^e to 4 
given directed-plane a in the +ve sense, it is directly (inversely) isocline 
to a! in the same Sense, If a directed-plane is directly (inverselyyisocUne 
to a in the — ve sense it is inversely (directly) isocline to o! in ike same 
sense. 

The proof is obvious. 

Oorollary (2), If the angles between the directed-planes a md § M 
6^ and 6^, the angles between o! and /3 are (7r/2— ^^) and (w/2— 

Let a, 6, c, /, g, h ; a\ b\ c\ /, j', V be the direction^constante 
of a and B respeotively. Then the direction oouBtants of 
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— fe. If Kf,^ and </», be the angles between a' and ^ we 
have by (37) and (38). 

cos (^1 - 0 a)=aa'+ 66 '+cc'=cos <^^ 9 ) 

cos (0^+0^)=ff +gg^ ^ —cos (<;^i+<#» 9 ) 

^ 1 — ^9==<^1"“<A9 09=^-’(<^1+^9) 

OoTollcLTy (3)» G’ivBfi CLfty two diTOctcd pianos cl and W6 can always 
find eight directed planes y, — y, y', — y', 3,— 8, 8',— 8' eacZt 0 / which is 
isocline to a awd to jS iw opposite senses^ 

Let the direction constants of a and ^ be a, 6, c, /, gf, ^ and a\ h\ c , 
f, g\ h* respectively. Let y and 8 be the directed-planes with direction 
constants a, 8, c, /', gf', /t' and a\ h\ c\ /, g, h respectively. We can then 
at once write down the direction constants of —y, —8, y', 8', — y' and 
—8'. Conditions (46) to (49) then show that each of y, — y, y', — y'» 8, 
—8, 8', —8' is isocline to a and in opposite senses. 

Without reference to rotational senses we can write the above in 
the following way • — 

Given any two planes P and Q, we can always find planes 4, A , 
B, B', each of which is isocline to P and Q in opposite senses^ A and A 
being absolutely perpendicular to one another and the so/me holding for 
BandB\^ 

13. Conditions that a given line lies in a given plane. 

Let a be a direoted-plane with direction constants a, 8, Oj f% g^ h. 
Let q be a direoted-line with direction cosines Qfu 3*> Ofa? ^4' Required 
to i^d the conditions that q lies in a. 

Let p, p be direoted-lines in a, with direction cosines pi ; p\ 
*' ^ 

(i=l, 3, 4) and making pp'{a)^rrli. 

A 

If q lies in a and makes p?(a')— we have 

cos i/r+p'i sin (i=l, 2, 3, 4) 

Eliminating cos and sin 



3. 

?8 

9[* 


Pi 


Pa 

P* 

=0 ... (S2) 

Pi 

P i 

P 8 

P'* 



» Manning proves this theorem only for the particular case when P aud Q 
intersect in a line* BoC, Oiti p» 187 Art* 107 iP/i* 2# 
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m 


!^vv ^ theiCdireoted) co-ordinate planes of references 

as in Art. 9, Since jpy(a)= 7 r /2 we have 

. (l>iPi'-PiPi')=H‘^,>0 . , ^ by (.30) 


f. 


=K/+«) 


Similarly, jo . . - : / 

.f 'v: (f ijpV— i’iV»)=i(?+ J), (pxP't-Pi'pJ^K^+oy 


by (29). 




iPaPi'-PtP'»)=Uf-a)r (P*P', -p[i.Pt) ==i(ff-l>) 
aiid' 'V^ ■'■ (P>p',-p,l>',)=i(h-c) 

f " Cbtiditions (52) may how te written , i 

{/— a)j, + (sr—b)gt +(h—c)g^ =0 ■ 

®)3 1 ~ (^ +c)2 8 + (s' + ft)?* =! 0 

(9^~6)2i + (^+c)j, — =0 


■J 

r V 


i^VO(: 


(53) 


f .Iv 'C'j 

’f. 




.L 


— 0 ) 21 - 7 ( 2 + &)?»+ i'/.+a )?,==0 J 

■ ¥hese are tie necessary and sufficient conditions that ^ Hep 
Only two of these opjjditiejia are independent fop atjy two heiag .given 

i*e\Ojihpr twe Fe04% fpllowrhyj^^ -idtninoal peMion», „ , 

‘(/+'4(/-a) + (p+6)(:p-^ 'Vj 

^ ^h^ sfeoVe' Conditions may b'e written in a different form,* Multi- 
plying the equations in (53) hy 21 , and 3 , rcspectirply ) 
adding, ' • 


/x 


We can similarly deduce that 


:i V. 


V. ;i, ^ 


I', 




f~aQi ■^i&Qji+'CQg,! ' 2 =i*Q'i -H&Q', dicGl'g, 

' 'e=‘i 


I ... (54) 

.! [>-'a '•» , oar.o i ^ „ , , , , 
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Qs— ^Cgj'gt+gigs) 

' ' ^ Q'i=2(g,g,+g,gJ, QV=(gi’-g,* + g8“-g/). 

'■ ■ Q'V==.2':f»34-gig,) 

;Q",,=2(5,g^-g-,3f,), - Q", -2(ga?* + g,g,), 

V ; ■ . . , , Q", =tgi’ - -ffs* + q * ) 

v: , 06 rollary. Through any line q not lying in a direcied-jplane ^ we 
can always pass one and only one directed-plane isocline to /3 in a 
given way.* 

Let a, 6, o, /, g, h be the direction constants of /3 and ffi, g,, q„, g* 
the direction cosines of g, when the directed-plane y whose direction 
constants are * •' ’'I ^ 

a, h, 0 , aQj + 6Q, +CQ4, aQ'v+6Q'i, +cQ',, aQ% + 5Q", +cQ", 

is directly isocline to y8 in the -t-ve sense and the. directed-plane 8 whose 
direction-constants are ■ • . 

yQ,+^Q\+AQ%, 

/Q8+S^Q^ + /> ^ 

is directly isocline to /8 in the —t© sense,- where Q^, Q,, Q\, Q\, 

j Q"$ at’e functions of ^a, gr^ given by (56), 

Again — y and —8 also pass through gf and are inversely isocline to 
/? in the +V0 and — ve senses respectively. 

14. Direction Gomtants of common ^perpendicular planes to two given 
planes. 

Let a and ^ be two direoted^planes with direction constants ct, b, e, 
f, g, h and a\ b\ c\ /, g\ V respectively. Let w, u, w, te, y, be the 

t Strigham, Doc, p, Art. ' 

, and Manning, Doc. Oit,, p, 186, Art. 107, rft-, 1. 
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direction constants of any plane simply perpendicular to each of a and 
j8. Then by (33), (34) and (43) 


m+bv+cw=0 

... (67)i 

a'u+b'v+cfw=^0 

... (57)ii 

fx+gy+he=0 

... (67)iii 

f'x+g'y+h'z=zO 

... (87)iv 

U*+V*+W*=:l 

... (57)t 

a!’+y*+**=l 

... (57)vi 


Case I. Let a aad p he not isocUne and let he the anglee between 

them. 

From (57)i, (57)ii 


^ zzk (say) 

{hd-^Vc) {ca^--da) (a6'— a'6) 


and from (57) iii, (57)iv 


y ^ =:fc^ (say) 

■'-Vn W^faY ^ 


[gh^-g^h)^ ihf^hj) W-fg) 


But 






(hd — Vo) * 4- ( ca' — da) * +(a5'-*a'6)* 




(44) 


Jc= 




similarly 


Jd ss 4* 


— sin (6>^ +i^,) 
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This the four sets of mines of u, v, w, x, y, z satisfying 


« « - ^ - -+ 1 
{bo'—h'c) (ca'— c'a) (ab'—a'b) -siii(0i— 

jf y z j 1 

(gh'-g'h) ~ Qif-h'f)~ (fy'-J'g) ~~ sin - 


( 68 ) 


give the si:’, direction constants of the four directed 'planes simply perpendi- 
cular to each of a and If y is one of these planes the other three are 
—y, y' and — y. 

Gase IL Let a and ^ be isocline in the +ve sense at angle 0^ir/2. 
Then a=a', 6=6', o=o'ora=— a', 6= -6', c =— c' according 

as the isoclinism is direct or inverse. The equations (57)i and (6?.lii 
become identical. 

any set of values of u, V, Iff, X, y, z satisfying 

ati+bv+cw—Q, It* +o*'l-*o“=l . 

gives the si,’ direction constants of a direoted-plane, common perdendicular 
to a and 

Case III. Let a. and j3 be isocline in the — ve sense at an angle 

<|i:^7r/2. 

Th,../=/. J=»', or /=-/■, ,=-^, ,.=-K >^va. 

ing as the isoclinism is direct or inverse. The equations (57)iii and 
(57)iv become identical. 

Hence any set of values of «, v,w, x, y, z satisfying 
fs+9y + hz=0 i«*+y*+*’=l 

ibc'-- b^)~' (oa' —o'^ i,ab'~~a'b) ~eio.24> 

.gives the sis direction constants of aMteotcd-vl^^ 
cular to a and ^, ; , ; ‘ 

10 ■ 
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Oase IV, Let a and ^ he absolutely 'peT'pendictdar. 

Then a= + a', h-±h\ c—±d, /=+/, + the 

upper or lower signs being taken according as a and /3 are absolutely 
perpendicular in the +ve or the — ve sense. Equations ( 57) i and 
(57)ii become identical and so do equations (57) iii and (57) iv. The 
conditions that a directed-plane y is simply perpendicular to a are also 
the conditions that y is simply perpendicular to /?. Hence any directed 
plane simply perpendicular fco a is also simply perpendicular to /i. 

Any set of values of u, v, w, jc, z satisfying 

az4 + 6r + c«(;=0, w® d-r** =1 



give the si, c. direction constants of a directed 'plane coMniQ}% peTpeudloulur 
to a and 13. 

Gorollary. If diretted-plcmes a and /3 are each isocline to a given 
directed-plane y in opposite senses, we can always find directed planes 8,— 8, 
8^, — 8^ each of which is simply perpendicular to each of a, jS and y,^ 

Suppose the direction constants of y are a, b, o, /, g, k The 
direction constants of a must he of the form ±a, ±6, 
if a and y are +ve-ly isocline, and those of /J must be of the form 
±/> ±gi ±K if/5and y are — ve-ly isocline, the upper or 
lower signs being taken in each case according as the iaoolinism is 
direct or inverse. The necessary and sufficient conditions that a 
directed-plane with direction-constants u, v, w, .r, y,z may be simply 
perpendicular to each of a, p, y are by (43 j 

j^+S^2/+A2;==0, ^ 

Hence the four sets of values of w, 27, w, r, y, z satisfying 




(6Cl-5,o)“"(ca^-Cla) (ab^^a^b) 




== y ' 


= + 


sin 2$^ ^ 

sin ^ 


giv^the sixjiirectbn constants df^tbe four direoted-pkncs simply per 

pendmnlar to each of^ /3, y. where is the angle of iJLuL 
Ween A and y and the angle of between « and y. I 

5 he one of these planes the otber three are obviously -8, 8' and -S'. 

V Manning, ioc, 0 .'i./pa 89 , Art, lOS,^^ 
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15. of directed planes^ 

Let a, /?, y be three directed-planes with direction constants 


f \y 

^2' j^2> i9 

®SJ ^SJ ^35 /a* 9^3? ^3 

Then a, Y are said to form a triad of directed-planes. This 
ttiad will bo called a re^^^Zar if no two of a, y are isocline. 
If «i /?» y bo considered to be the primary triad then a', ^8', y form 
the cnmplemf*ntary triad. 

Again let X be the directed plane with direction constants u^, v^, 
given by 


(c,aa-c,a*l ^63-^363) sin 


, 1 Vi 


fjL 


1 

sin (^1— ^'1) 


■where I and 6'j are the angles between ^ and y* X is then defined 
to be the ^mlar plane of the pair of directed planes y. It is to be 
noticed that X is one of the directed-planes simply perpendicular to 
j8 and y» and also that the polar plane of the pair y, ^ is not X but —X. 
Similarly lot the directed-planes v be the polar planes of the pairs 
y, a and ^ respectively. Then the triad X, /a, v shall he called the 
jpoZar triad of <x, y (It is understood that the triad a, p, y is regular). 
It can then be easily shown that the triad X, /a, v is regular and that 
its polar triad is a, /3, y. The triad V, /, v' is said to be the OompZe- 
meniary*polar triad of a, y. 


Corresponding to a regular triad of directed planes a, y we thus 
get three related triads namely a', jS', y' the complementary triad, 
X,/i, V the polar triad, and X',/a', v' the complementary-polar triad. 
Starting with any of those four triads as the primary triad we find that 
the other three triads form the three related triads. 

The two groups of dirooted-planes a, Pi y, o!f p, y and X, /a, v, 
X', y are ao related that any member of the first group is simply 
perpendicular to four members of the second group and vice versa. 
The relations connecting the mutual inclinations of these twelve 
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directed-planes are interesting. Out of the 132 angles between the 
pairs, 24 angles are 0 and an equal number ^/2. Tho remaining 
84 angles can be at once expressed in terms of the 18 angles between 
the nine pairs 

A y; y* « 

A, ; 7A, V ; r, X 

A A; y» »'• 

by observing that if be the angles between /3 and y, then the 

the angles between and y' are also 6f^ and while the angles 

between /S' and y or /? and y' are and --- Finally, we sliow 

2 2 

in the next article that only six of the 18 angles last mentioned aro 
independent and in fact we can express each of them in teimis of the 
six angles between a and ^ and y, y and a. Thus knowing the six 
angles between three directed-planes forming a regular triad, all the 
angles between the 12 directed planes, forming tlie given and the 
related triads, can be determined. 

16 , lormtdse conneoting* the mclinations bckmm direcM planes 
forming a regular triad and its polar. 

Let a, y be three directed-planes, with dirootion constants 6^, 
fi9 9ti h^iy ( «=1, 2, 3 ) respectively. Let X, ju, v be tho polai* triad 
oi a, 

Let the angles bet'^een . 

— ^ ^ A y ; y, a; a, P ; 

g, V ; V, X ; X, ; 

he respectiyely 
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and 


A = 


fi 9i K 
fa 9t 

/s 9'» i 


Let Ai, Bj etc. be the prepared minors of a,, etc. in D and Fj, 
Gi etc. the prepared minors of /,, gfj etc. in A. 

Then the direction constants of A., (i, v are 


A i/sin (6.-6%), Bjsin (B.-ff,), 0,/sin (.6,-6',) 
F,/sin (6i+6'i), G,lam (6,+6',),B.,lBin{6,+6',) 


where i=l, 2, 3 respectively. 
Hence by (37) 


cos (0,— = 


A,A,+B,Bg+CaO, 
sin (6,-6',) sin 1.6^ -6'^ ) 


But AjAj + B,Bj+ 0 ,Oj = (i!)30,--6,Cj)(6iC,— 6,Oi) 

+ (c,ai-Cia,)(cia,-o,ai) 

+ (a,bt-a^bg)(a,b,-a„b,) 

= — («!* + bi‘+Oi‘)(ata,+b„bi+/!,^ail 
+ (afa^+b,bi+o,ei}(aiaa+biba4-c,c,) 
ss=—oob(6i—6'i)+oos (6,—6'f) COB {.6^—6',} 
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JLf ^ -cos (0i-«\) + cos (0,-0',) cos (0,-0',) 

■• = sin (0, -0',)>in-(0, -0',) [ (62) 


with similar expressions for cos (<^j, — and co^ (<^ 
In the same way we can show that 


cos = 


, \ «. —cos (6i+fflx) + COS ( 0 ^+ 6 '^) cos ^ 


sin (0a +^'2) sin (03 + 0's) 


with similar expressions for cos and cos 


y (63) 


Again D*= j 1 cos (08— 0',) cos (02— 0'*) 

cos (02— 0's) 1 cos(0i— 0\) 

cos (0a “0'2) cos (01— 0'i) 1 


= 1 — COsV (01— 0'i) — cos* (0a — 0'a) — cos* (0ft — 0^) 

+ 2cOS (01— 0'i) cos (0a— 0'^) cos (0ft — 0'ft) *•* (64) 

Similarly A*=l— cos* (0i+0'x)— cos* (0* + 0'a)“‘COB* (0ft+0'ft) 

; +2cos (0i +0'i) cos (0a+0'a) cos (0ft + 0'.,) (65) 

Also, 


cos 


(n A^ ^i-^l + ^iBi+OiO t 

sin (0,-0', ) 


cos (pi-i>'i) cos (0i-0',)=cos (jPa-p'*) sin (0g-0',) 

=cos(i)3-jp'3)sin(03-0'2)=^D (66) 

Similarly 

^ cos (2J,+p',^ (>,+y,) sin (0.+0',) 

1 (03+0'ft)s! A — (67) 


.,■ ■■■■■ ..■ ' -'V-- 


* •» 
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Now as a, /3, y is the polar triad of.X, /x, v we can interchange the 
d’s and>’s in (62), (63), (66) and (67). 

Thus 

sin sin (^»-f.) 1.(68) 

I 

with similar expressions for cos (t*j — d',) and cos (^g— J 


cos (6 + 6 ' ^^1 +^'i) + C03 (</>,+«^'i) COB (^, +^'g) 

‘ sin (^ 5 +^',} sin (si 8 +<;f.' 3 ) 

with similar expressions for cos (^j+fi',) and cos (0, + 0\ ) 


1 

|c69) 

J 


cos (p,-p'i) sin (</>i-</)',)=cos (p,-p',) sin (^,_^',) 


=cos (jf/g-yg) sin (<^g-<^',) ... (70) 


cos (p,+y.) sin (.^j+yj=cos (p.+p',) sin (^g+y,) 

=cos (pg+p'g) sin (^g+^g) ... (71) 


Also from (66), (67), (70) and (71) 


sin (^, ~ 6 \)_ sin ( 0 ,- 6 ,') sin 
sin(0j-y.) ein(^,-y,) 

— (? 2 ) 

sin(tfi+e',)_ sin(^,+«'J 8in(d,+e',) 
Bin(i^,+yj) sin (</>,+ y.) 8in(^3+y,) 

... ( 73 ) 


The similarity between the formulae (62) to (73) with the 
. formulae connecting the sides and angles of a spherical triangle must 
. have been noticed. The following consideiatious iwing out the exact 

nolationship between the two sets of formulae. ’ 
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<l>,-4>\='>r-Q, ^,-^',=7r-lt 

The inequalities (28) show that each of p, 2) ’■> li®8 

between 0 and tt. 

Again from ( 62 ) 

co9 j?= cos q cos r 4 -ain q sin r cos P ^ 
cos ^=cos r cos jp + sin r sin p cos Q 
cos r= cos cos 31 + sin singf cos R ^ 


Py q, r, P, Q, P are thus the elements of a spherical triangle. 
Also 


cos — Vi— cos^p— cos*g— cos*r+2cos jt/ cos 3 ^ cos r 

■.i.;') ^ (^=1» 2, 3) 

It is thus evident that 

jj 0 ^— Sj— d'a, ^3 — he the sides of a sphenml triangle^ then 

corresponding sides of ike polar iri^ 
osffk on(J pi-p'x,p,— y„ Pa-P's ar$ the joins of the corresponding 
vertices of the two triangles. 

Similarly . 

If he ifie sides of a spheriml triangle then 

are the sides of the polar triangle and Pi+p\^ 
p^+p’ii 3 ci>ret^ of the corresponding vertices of the two 


^ns cM>rresponteg 'any the elements ef a 

S&f triangle wo can at once write down two relations between 

p., V, * 
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17 , Eelations between the mutual inclinations of four arbitrary 
directed planes. 

Let tti, ttj, a^, be four directed-planes and let be the 

angles between a ^ and ay (^=l, 2, 3, 4, ^=^ + 1, ...4) 

Let a,-, hi, Ci,fi,gi,hi be the direction constants of a,- (^=1, 
2, 3, 4). 

We then have 

cos (6i iy)^aiaj+bibj+OiC^ 
cos iO,j+ffij)=:fifj+gigj+hihj 



where z=l, 2, 3, 4, j^i+1, ... 4. 

The determinant obtained by squaring the rectangular array 


Uj b^ (J|^ 

a^ b Ci^ 

63 Oq 

a^ b^ 0^ 

must identically vanish. 


Hence 


1 OOS(6,,— tf'l,) COS(tfis — 6',s) 008(^14-5',*) 

003(^1, — 1 C0S(^gD“-(9\ j) C0S(^,4— ^^4) 

c<5s(5i j—fi'ij) cos(^,,— 0 ',,) 1 oos(^g 4 — ^'# 4 ) 

003(6,4—^14) cos (6,4— 6',4) cob (6,4— 6'.4) 1 


0(74) 


R. G, BOSE 


UQ 


Similarly 

1 006(0, j + e'.s) 006(0, 4 + 0',*)' 

COS ( 6 1 a + 0',,) 1 OOS(^i8+0',,) 008(0, ^ + 0',*) 

=0 ( 75 ) 

C0S(^1 s H-^\a) ^03(^8 3 1 C0s(^3 4, + 6^*) 

cosf^i t+0'l,) 006(0,4 +0',,) OOS(084 + 0',4) 1 I 

In oonclu6ion my' best thanks are due to Di’. S Mukhopadhyya 
under -whose guidance I carried on the investigation the results of 
which are embodied in this paper. 
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On a type op solution op Binsi'isin’s 

OEAVITATIUNAL EQUATIONS 

(Part ll) ' 

■Bit. , , ■ , , 

Nbipbndra Nath Ghosh 


1, In the first part of this paper, recently published in the 

it is shewn that if the line element he of the type 

(f®** 


where Vs are functions of aii, a;,, sr* and a’s are numerical constants 
(introduced to manipulate the signs), Einstein’s gravitational eqaa- 

G„ =0, (^, v=l, 2, 3, 4) 

r'*' 


are reducible to the forms 



• ««», OaJ, Afotft. Sw., T^^.XV'II, No. 1. 


N. N. 6H0Stt 


li 3 


(>•.15) r a. 

™ ! [eAi, 




9 A 9 /( 


— 9 ?> 9 ^ _ 9 / 2 9 7 . 



where m, w, r,^? represeiit the four numbers 1, 2, 3, 4 taken in any onler, 
U) denotes the ratio ^ and A stands for the expression 


^ntm + ^iin+^r >‘+^jPl»« 

By direct integration of the above equations some pariioufer 
solutions of Einstein’s gravitational equations may be obtained, one of 
which due to Schwarzsohild has been discussed in the first part. The 
aim of the present paper is to study two more cases, one of them 
leading to a solution believed to be new. 

The cases to he considered are those in which 

(II) All A44 are functions of only, while A,i, and are 
each a function of itJi, ; 

(III) Ai 1 is a function of only, while each of A# » , ^ is a 

function of a* 1, jc a. 

2i, We shall take up case (III) first. Choosing 



we tave the following five diffierenfcial equations to be dealt with : 
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G, ji 

I * 




G,,a02(^*»- 


+,2(A„-A..) 

4- )^ga)| =0» 




OiBi 0»i J 




G 


»« ' 


fc„) f _a^ 

I aa>,» 


+ ^~^4(ii'^“(^##+^**~^«a)^ — 


® (^4.+?^**)+ * 


QiCidic, 


O 


IM N. N. Gitostt 

The above equations are considerably simplified if we start with tho 
assumption 


^ iK,+KJ=0. 


( 1 ) 


Prom G, a we have then 




( 2 ) 


The equations Ga s and are no^ equivalent to 




C^) 


3 - 0 . 




0 *. ’* 0 


... (4) 


The equations G,, and G,, reduce respectively to 


"A? 


=2-X h. a 




(6) 




,'i . o 






( 6 ) 


• •• 


Einstein's oaiiviTATiONAL equations 


Putting 


O . 


and using the symbols 


H and K for -^-h and -T^-h, 

9*1 ftj-. 


a*, 


respectively, we can replace equations (3), (4), (5), (6). by means of 


H,,+(2-N>»3.*-H«3Hii=0, 


... (7) 


K33-K..K.,=0, 


... ( 8 ) 


(4N-2)H33=|£, 


... ( 9 ) 


{(2N-1)H„*}. ... (10) 


It can now he shown that 


9 a?! 


SO that from (10) we have’ 


9 log K. 3=0, 
0*1 


9*19*. 


h, • —0. 


Therefore 7t»8 must he of the form 


log 


... 4») 


N. N. GHOSH 


146 

Consequently, 4 will be 

rk ( ") 

log ^here 04 is an arbitrary constant. 

9.(»J 


( 12 ) 


Equation (7) gives 



<l>iM 


+ (!-»•) 


whence ^ is obtained. 

Since Hj ^ is a function of only we infer from the above that N 
must be a function of ojj also. By integrating equation (9) its value 
is found to be 


(13) 


( 14 ) 


H" where o is a constant of integration. 

It follows immediately that 
^ii=log log 

log 

where and C| are arbitrary constants. 

Thus we have 

V-' ' ■ ’ ■ ' ' 

where tile arbitrary constants c,fi/, c,» satisfy the condition oo*=sc.* 
(ftl^d lxy substitution in (lOY, 
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Hence the x’equired line element reduces after slight transform 
mationsto; 








(15)^ 


where a and /? are two arbitrary constants. 
3. The geodesic curves are given by 


cl^x 
ds 


+ {f,v, a} =0 V, a=l, 2, 3. 4). 


In the space-time manifold given by (15), these equations appear 
in the form ; 




••• (0 



dllls^ _ Bas,* 


... (m) 

ds in,* ’ 


HOd-y- 

( (ioj, y 


+ ( 

* \ 

>■»■•- ^)=0. 

... (m ) 

.IJ ^.K y-( l+aiB,* ) 

iri\ ds ) \aJi / ds ds 


-^1(AUbwU, 

... («’) 


where A and B are arbitrary constants. 


* It may Ibe noted that the co-eflBoient.of (di»3® may bo redaoed to a iiiuotion of 
a? 1 only by the substitution log«>a»i. The two subsequent terms require then 
corresponding modifications. ^ 

12 


U8 
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The above equations are complicated and do not admit of easy 
solution. We shall, however, only examine if there is any geodesic 
curve on certain “ planes.” 

We, therefore, ptt 


—A ^ 0 

ds “ ’ ds^ 

in the last two equations and obtain 

dB^ x,\ ds ) V ^ V 

The equations (p) and (m) are consistent if 


./•j — ^ , 

o- 


(v) 


(m*) 


ivt0 


so that there are geodesic curves on the “planes’^ given by (m). 

4. Let us now proceed with case (II). Choosing a’s as before the 
difEerential equations nvay be written down by putting 

9 j 

in the set of 6 equations for case (HI), The equations can be tackled 
as they are. 

From Ga 3 and Gg g we get 


d 


(^24~^»s)=0> 


( 1 ) 


and from G-i i and G* * we ha.Ye 
8^ 


(^2. +^m) + ( )* 


( 2 ) 
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Equations (1) and (2) are equivalent to 


A 

d»i 
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( 3 ) 






(4) 


The equation indicates that (^22 +^ss) cannot involve 

O Pi 

fTa and from equation (2) it further follows that ( a V 

\ Q^t J 

’^-7^3 8 ^ cannot involve oja, whence we may infer that each of 

0 0 

^ j and /i, 3 does not involve and the set of equations 

O'^i d‘<’i 

is then consistent. 

By proceeding almost exactly in the manner indicated in the first 
part of this paper it is not difficult to obtain fe’s as follows : 



2+M \^aM 
M / a*i*^ 



JiiiZ=log(2+M)Cy<l>„ 

^‘sj=log(2+M)<^8, 

M 

2+^ 


where c, and are arbitiwy constants andl<^^, <^3 {two functions of ajj) 
satisfy the equation 
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The most general solution of the above is given by 
. </>a=;6x sin + 

where 6 1 and are arbitrary constants. 

The required line element is therefore 

M 

M 

-(2+M)*6^» + 2^3^ M*** 

whioli ultimately reduces by suitable transformations to Schwarzs- 
child’s form 

<;g«s-i Ly- diUj*— j'l* 8in*,r,d.«»*+("l-- ') 

Hence Einstein’s equations admit of no new solution of type (11), 
any solution of this nature being reducible to SohwarzsohtUV s form. 

In conclusion, I wish to express ndy thanks to Dr. NT. E. Sen for 
constant guidance in course of this investigation. 


CORRIGENDA, 


(Reference— Bull. Cal. Math. See., Vol. XVII, No. 1) 


Page 40, 

line 

19. 

for 

z 

read 

z 

,, 40, 

» 

20, 

19 


>i 


„ 40, 

9 ) 

25, 

99 

*.* 

ff 


„ 42. 

91 

7. 

99 

p 

59 

V 

48, 

9 ) 

2, 

9 » 

from 

99 

from definition 

,, 48. 

99 

17, 

99 

H 

59 

H' 

..48, 

11 

29, 

If 

between to 

99 

between two 

,. {=3, 

19 

3, 

99 

meet 

99 

meet at 



1 


GENESIS OP AN ELEMENTARY ABC 

BY 

S, Mukhopabhyaya 
{Calcuita Vmversit'^) 

1 . Introdiiciory . 

I ho tlovolopmeiit of tliG th^ovy of sleviButciTy outvbs is primarily due 
to 0, Jnel of Copenhagen. P. Montel has reviewed 0. Juel’s work in 
fht Bnlhiin dos Sciences MathemaHqtieSj 1924, part I, as also that of 
S, Mukhopatlliyaya on similar lines which have a certain priority of 
origin. A bibliography on the subject occurs at the end of P. Montel’s 
review. 

0, Jnel’s concept of an elementary arc is exposed by P. Montel as 
follows 

“ I t is necessary above all, to define the simple element which serves 
as the basis for the construction of plane (elementary) curves, which 
we proceed in the first place to study with M, Juel. Let us imagine 
an are of a continuous curve with extremities A and B ; if this arc 
ancloseH with the chord AB, a convex domain, one can easily deduce 
from this the existence at each point of the arc an anterior half-tangent 
and a posterior half-tangeut. To this let us add the condition that 
these half- tan gents have the same direction ; our arc shall then 
possess, at each point, a tangent varying in a continuous manner with 
the point of contact. We shall thus . obtain an elementary arc. Such 
an art; is met in two points at most by a straight line ; one can draw 
to it two tangents at most from a point.” 

The definition of an elementary arc as outlined above, assumes that 
we know how to define a continuous curve in a satisfactory way — a thing 
which we perhaps do not know. The arc has undefined proportions 
and as sneh iw of more limited use than the one defined in this paper. 

The way in which an elementary arc has been evolved in this paper 
from a chain of cellular elements may prove interesting to geometers 
aa a novel solution of the problem of the plane elementary arc on 
rigoroufl lines. 

2. Consider an ordered set of a finite number of points A, P^, P^, 
«««?•-) 9 B in a restricted domain on a plane which may he Euclidean 
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or non-Euclidean, The train of n sect>s AP^, Pi Pa) Pn-iB consti- 
tutes a linear chain of ranh n. The points A, P^jP^, Pn-n B will 

be supposed all distinct, except that B raay coincide with A. In the 
latter case the chain is closed and in the former case the chain is o'Pen, 

In the open linear chain of rankn there are n — 1 vertices Pj, Pav? 
P„.;^ and two extremities A and B, In the closed linear chain of rank 

n there are ^ 2 . vertices and no extremities. The order A, P^,P*, 

P„„i, B will be called the positive order on the chain as distinguished 

from the order B, P^-i, Pa, Pi, A which will be called the 'negative 

order on the chain. 

Each of the sects APj, P Jpg, P„_iB will be called a trace of 

the chain. The trace PQ will be considered positive or negative 
according as P precedes or succeeds Q in the positive order on the 
chain. The extremities P and Q will be included in the ti^ace PQ. 
Two consecutive traces PQ, QR can have only one point Q common 
unless they overlap. If no two non-consecutive traces have a common 
point and if two consecutive traces have only one point common, the 
chain will be called simple. 

3. If PQ and QR be any tw^o consecutive traces of a simple chain, 
P, Q, R being in positive ordei% then QR will be either to the right or 
to the left of PQ or in the prolongation of PQ. In the first case the 
chain will be said to have a positive trend, in the second a negative trend 
and in the third case a zero trend, at the vortex Q. The absolute 
amount of the trend at Q is measured by an angle less than two right 
angles between the directions of PQ and QR taken positively. 

If a simple chain has at every vertex Q a trend of the same sign, 
with the possibility of a zero trend at some, the chain will be called 
monocline ov oi 'imilateral trend. A monocline chain may be either 
positively or negatively so, that is, it may be either of desetrolateral 
or of levodateral trend, 

A simple closed mono-cline chain is called a convex polygon. We 
may suppose that in a convex polygon the trend does not vanish at any 
vertex, so that there are exactly n hounding lines in a convex polygon 
of rank n, consisting of the n traces of the simple closed mono-cline 
chain which defines it. 

Theorems, 

4. ii) A co'nvex polygon lies entirely on the same side of each of its 
hounding lines, that is if PQ he any hounding line, taken in the positive 
sense, all the other hounding lines will fall on the right side or left side 
of PQ according as the polygon is positively or negatively monocline, 
respectively. 
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(ii) No straight line which does not pass through hvo consecutive 
vertices can meet a convex polygon at more than two distinct points. 

It is usual to assume Theorem (i) as the distinguishing property 
of a convex polygon and to deduce Theorem (ii) from it. Theorem 
(z) however can be proved from definition of a convex polygon as 
follows : 

Suppose if possible, that such a polygon lies partly on one side and 
partly on the other side of a bounding line PQ. Suppose N'T and QR 
are respectively the bounding lines which immediately precede and 
succeed PQ, N, P, Q, R being in positive order on the polygon, which 
we will suppose, has a dextro-lateral trend. Then NP and QR lie on 
the right-side of PQ, but as part of the polygon lies to the left of PQ 
by hypothesis, PQ meets the polygon again at some point X, Suppose 
X lies on PQ produced towards Q, so that the part of the polygon 
between Q, and X lies wholly to the right of PQ, as QR is to the right 
of PQ. Turn QX about Q towards the right till QX falls along QR. 
Then X will either coincide with R or have a distinct position X' on 
QR produced towards R, In the former case, suppose RS is the 
bounding line immediately succeeding QB, so that X finally travels 
along RS to reach R. RS is therefore to the left of QR whereas PQ is 
to the right of QR, which is impossible as the polygon has a unilateral 
trend. 

In the latter case, turn RX' again to the rignt till RX' falls along 
RS. Then X' will either coincide with S or will have a distinct 
position on RS produced towards S. 

The former is impossible and the latter leads to the repetition of 
the process of rotation to the right. But the number of vertices of 
the polygon which may lie between R and X is finite and consequently 
the number of possible rotations to the right will soon be exhausted, 
rendering the alternative position ofX impossible. T\va^ Theorem (^) 
cannot be false. 

To prove Theorem (n), suppose, if possible, a straight line other than 
a bounding line meets the polygon at three distinct points U, V, W, in 
positive order on the polygon. Then V must also lie between U and 
W on the straight line UW as the polygonal chain is simple. Suppose 
V is"an interior point or eiid-point of the bounding line PQ, So that 
U and W lie on opposite sides of PQ. The portions UP and QW of the 
polygon will therefore lie wholly or partly on opposite sides of PQ. 
This contradicts Theorem (^). 

6. Consider a simple chain A P^ P, ...... Pn-iB of unilateral trend 

all of whose vertices lie on the same side of AB. Such a chain may be 
called a convex chain. 
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Suppose all the vei’tioes of a convex chain Pn-iB are 

interior points of a triangle ATB <such that the angle between AT 
produced and TB is less than a given acute angle a. Also suppose AB 
is less than a certain length Z, so that the exterior angle theorem holds 
for the domain enclosed by the triangle. The triangle ATB will he 

called the ceZZ of the chain and the chain AP^P^ P„-iB 

will be called an elementary chain of cell-angle<a and base AB<Z, 

If iN'P, PQ, QR be any three consecutive traces of an elementary 
chain in cell ATB then each of these traces nroduced positively will 
meet TB and produced negatively will meet AT. Consequently NP 
produced positively and QR produced negatively will intersect at some 
point U interior to the triangle ATB, such that the angle between the 
positive directions of ISTP and QR is less than a. Also PQ<AB<Z, for 
if PQ produced meets AT at IJ and BT at W, then 

PQ<VW<VB<AB. 

The triangle PUQ will be called an elementary cell on trace PQ oi 
carried by trace PQ of the elementary chain A P^Pj, Ph-,B, 

The elementary cell on initial trace AP will be a triangle AXP, 
where X is the intersection of P^Pa produced negatively and aline 
AX which lies between AT and AP and determined in any consistent 
manner. Similarly the elementary cell on final trace Pn-iB is a 
triangle BYP^-i where Y is the intersection of P^.^P^.^ produced 
positively and a line BY which lies between BP„_j and BT and 
determined in any consistent manner. 

The elementaiy cells carried by the successive traces of a given 
elementary linear chain form an elementary oelkdar chain carried by 
a given elementary linear chain. It may be observed that each ele- 
mentry cell falls entirely inside the principal cell of the chain with the 
exception of the initial and final elementary cells which have a corner at 
A and B respectively. If PQ and RS are two non-adjacent traces of 
the elementary chain then the corresponding elementary cells will lie 
entirely outside one another. 

6. The length of the longest trace of a linear chain will be called 
the ?iea£Z of the traces and that of the shortest trace will be called the 
tail of the traces. The magnitude of the largest of the elementaiy 
cell-angles of a cellular chain will be called the head of the cell angles 
and that of the smallest of the cell-angles will be called the tail of the 
cell-angles. 

If the rank of a given elementary chain c be increased by the 
inoerpolafcions of additional vertices between pairs of consecutive 
vertices of the given chain and the new chain thus obtained be 
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also elementary, then c' Avill he called a gemmatic e a tension oi c ov 
gemmatically derived from c, ^provided 

(^) the order of the vertices of g is the same in c and o'. 

(ii) the extremities of c and c' are the same. 

(m) the principal cell AT'B of c' is the .same as the principal cell of 
c or falls within it. 

(^^?) the initial and final elementary cells of d fall within the initial 
and final elementary cell respectively of c with the points A and B 
respectively common. 

If PQ he a trace of c and P'Q' of c! such that the vertices P', Q' of c 
fall between P, Q, i.e^^ the points P, Q', Q are vertices of c' in order, 
then P'Q' is said to have been gemmatically deidved from PQ. P' may 
however coincide with P or Q' with Q. The elementary cell carried by 
P'Q' in c' is also said to have been gemmatically derived from the 
elementaiy cell carried by PQ in c . 

7. A system of elementary linear chains c^, 

such that each chain except the first is gemmatically derived from the 
one just preceding it, will be called a gemmatic system of elementary 
chains^ 

Similarly a system of cellular chains carried by a gemmatio system 
of elementary linear chains will be called gemmatio. 

Each of the above two systems will be called regnlar if the heads of 

the traces of Or, form a monotone decreasing sequence 

of zero limit and the heads of the elementary cell-angles of Ca,.,. 
c also form a monotone sequence of zero limit. 

A sequence of traces if a, belonging respectively 

to chains Cl, Cj, c,., of a regular gemmatio system, which are 

such that each except the first is gemmatically derived from the one 
just preceding it, will be called a regular gemmatic sequence of traces. 

The corresponding elementary cells belonging to Ci, c*, ,c,., 

respectively will be called a regular gemmatic sequence of cells. A 
regular gemmatic sequence of cells will necessarily have a unique 
limiting point which is also the limiting point of the corresponding 
regular gemmatic sequence of traces. 

If PQ and ES be two non-adjaoent traces of an elementary chain 
0 , the corresponding elementary cells of o will entirely lie outside each 
other with no point common and consequently the limiting points of 
any two regular gemmatic sequences of cells derived from them will he 
entirely distinct. 

An elementary arc may now he defined as the aggregate of limiting 
points of all possible regular gemmatic sequences of elementary cells 
^ 5 ,,.,., Sr,-- belonging respectively to a regular gemmatio system 
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of cellular chains, c^, c a,..., c ...... More briefly an elementary arc may 

be defined as the limit of a regular gemmatic system of cellular chains. 

8. The following properties of an elementary linear chain are 
evident. 

(^) No straight line other than one ^jassing through km consecutive 
vertices can meet an elementary chain closed by its base AB at more than 
two 'points. 

(ii) The successive traces AB of an elementary chain 
meet when produced negatively and positively the sides AT and TB 
respectively of its principal cell at two ordered rows of points A, 

"U % — 1 and "P^n — 1? — 2J***^l» 

(Hi) Bvery part of an elementary chain is an elementary chain. 

(iv) If a point P travels continuously from A to B along the chain, 
the distance AP continuously increases and distance BP continuously 
diminishes. 

The corresponding properties of an elementary arc may be 
rigorously deduced : 

(i) No straight line can meet an elementary arc in more than two 
points. 

{ii) There exists a tangent at each point P of an elementary arc 
which changes its direction continuously in the same sense as P travels 
from AtoB along the arc. 

(Hi) Every part of an elementary arc is an elementary arc. 

(iv) If a point P travels contimwusly from A to B along the arc, 
the distance AP continuously increases and the distance BP continuously 
diminishes. 

Bull- Cal. Math. Soc., Vol XVII, No. 4. 
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On -mK KX PA.NSION OF THE Weierstuassian and Jacobian 
Eddiptic Functions in powers of the aroument 

BY 

S. C. Mitra 
{Dacca University) 

Tho object of the present paper is to obtain the expansions of 
cxi(?^) and dn(w) in ascending series of m. It is believed 
that ia> previous writer has obtained the expansions of sn( 2 i), 

ni(fi) aiui beyond and respectively. I have, in this 

paper obtained the expar.sion of %{u), sn(w), cn(w) and dnCw) as far 
UH andt^'” respectively. 

My t hanks are due to Dr. Ganesh Prasad, D.Sc. who kindly 

HUggOHietl tlio problem to me. 


Expansion of ^(w). 

I. We know that ^(w) satisfies the differential equation 


DifTertoi tifiting (1) we get the differential equation 
du* ^ 9. 


( 2 ) 


To Bolve tliis equation we assume 


y = +o,«* +c^M« +<•„«« + ... + 0 , ,«’* + ■ 
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Substituting in (2) we get the weU-known relation 


3 

(«-2)(2«+3) 






"J” Cg n— 4^9 


?• 



Substituting for y in (1) and equating the co-efficients of «* and 
we get) 


(!g 


2«.5 


"4—2*77 


Hence from (3), we get 




- 

■“ 2^*3*5* ■ 


, _ %.g» ’ 

'8 - . 2 *- 5 - 7 -n 


^10 — I's 


2«-3'5« 


+ 


24,79 


} 


, _ g.*g3 

28-3-5*'7-11 


- ^ f .7a* I- 0i7i.7.a* 7 

Caa-TT I 28-3-5»-13 2*-7*-11-13 J 

c [ ^9 g.*g8 _ + 7 / ] 

'• ^ (.2«-5»-7'lM3 ^2«-7»-13J 


I 


77.' 


2«-3-5» •13-17 ■^2'>-5-7-11*-13-17 


97g.»gg 


I 


=-V I 7.*7« 4. 7?'l.l»7.ai ? 

’ l 2 »- 3 - 5 V'll'r 3 - 17-19 ^ 2 ^- 5 -f«-il-r 3 - 17-19 j 
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(. 2>i-3>-5‘>-13s-17 ^ 


25 gaV«* 


134.17 2*-7*-lI» •13>-17.19 


+ 15.7,* ) 

28-7*-13*-I93 


= i- + . 1431g.»g,« 1 

l2i>.5^-7-ll-13-17-19-23 2® -74 -ll* •13-17-19-23 J 


j . 13647 g,Vg,4 

l2‘».3-5».13«-17 24*-54-7-ll4-13»17-19.23 

6471g,flr.* 1 

^28-5»-7«-ll-13«-1719-23) 



104003 gf,® S', 

■2'*.3»'5«-7'll-13*-l?'-19-23 


399701 g.» g,» g,° 

2'>-3 5*-7«-ll'>-13*-17a9-23 ^2»-5-7''13* -19 


_ , f 2453 ^ 1006029 g.» g,* 

c» o = Ta I 2 i 3» . 5'8”. 13« • 17 “ ■ 29 2“ • 5 ' • 7 ’ • 11 • 13“ • 17 * • 19 • 23 ■ 29 


8105017 g,^ g* 

+2*®*5»-'7*-11-13*'17«-19-23'29 


, C 49871_^/ g, 

c»i— 3* -5® -13’ •17 ’19 -23 -29 -31 


240263 g* 

2^3^ • 7 • 1 1 • • IS"® • 17 • 19 • 23 • 29 • 81 




3693 g.ff,® 

2'*'5-7»13*-17-19-83-29 -SI 


S. a mTBA: 


f 427 g> 

‘ ( 2> -vi'-i 


, 30458088737 g,® g,* 

+2i«-3*-5»-7-11»-13*-17*-19?-28-29-31- 


. 122378660673 g.* g,® , 43g/ 

■^2»»-5®-7®U.®-13»-17>-19»23-29-31 2*»-7'-13»19 


*•31} 


Expansion of sn(t^). 


2. Fricke ^ has'jjiiowia tttat 


dn J ao(’’43a,<''>sn* + 5a,(^>8n‘ + ... 
+ (2«+l)o,(’’)sn*” I , 




T-he;^j 0 HSeeptiv;e {oosftffioiants are connected by the relation 


a =(2/.-l)2/. Vi ~ (2/.+l)»(l+^* V 


+ (2/x+2)(2/i+3)a ,,, (4) 

At T JL 


where k is the modulus. 


If we assume that 


sn(»)=«+a, +'o» +... 




♦ DM Hffi'^Afen’FniiBJonenTJn^ life Anwendungen, Vol. I. pp. 896-408, 
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Therefore _ (®) 

From (4), have 

(^) Cl) 

(1 + ^;*). = 2 fc*. 

C2) 

ao =(l + 14ft*+X;*), <*» =-aOft‘(l + M), 

( 2 ) 

(3) 

«o — — (l + 135A:» + 135ft*+ft») 

( 8 ) 

a, =&‘(182+868ft*+182&*) 

(^) C^) 

a, =— 840X;*(l + p), a; =720Ai». 

= (1 + 12284;* + S4784;* +1228fc* +4:‘) 

(4) 

a, = —4:* (1640 + 265204;* +265204* +16404:") 

(4) 

rt, —A: *(23184 + 826564:* +231844:*) 

(4) 

rt, =— -6O4804;«(l+4;*). 

=:403204:«. 

(«> 

ss:— (1 + 110694:*+1658264:*+1658264;»+110694:«+4 ;‘o) 

<£> 

a\ = **(14762 +7195764* + 21414364* + 7195764* + 14f7624* ) 

(6) 

o, s=s — 4* (599280 + 55044004* + 55044004* + 5992804* ) 
ts=*«(S659040+113097604» +36590404*) 
af ^ as --66528004»(l+4*) 
s= 36288004* » 

of ^ aa ( 1 +996424* +44943514* + 131802684» +449435U!:* 
+996424»* + 4**) 

af ^ as — 4»(132860+18616?804*+136ie87eO4*+1361687604» 

+ 186167804* + 1328604* *) 
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af ^ (15159144 +314906592^* + 775927152Z:* + 314906592ii« 

+15159144&») 

af^ = - it« (197271360+ 1377604800&* + 1377604800^* 
+197271360Ji«) 

af ^ =itBt743783040+ 2110268160i;* +743783040&*) 

JP =;_(l+896803it“ +116294673** +834687179*® 

+ 834687179*® + 116294673** 0 +896803*“ + fc'* ) 

af ^ =**(1195742+ 472128924*0 + 7700190402** 

+ 17995941256*« + 7700190402*® + 472128924** " 
+1195742***) 

= -**(380572920+16760441880** +86764270320A* 

+ 86764270320** + 16760441880*® 

+380572920**®) 

=**(10121070960+ 140168508480** +310222392480** 

+ 140168608480*® + 10121070960*® ) 

aP =(1+8071256** +2949965020** +47152124264** 
+109645021894*® +47152124264*1 ° 

+ 2949965020ft* * + 8071256*** + ft* « ) 

af^=-** (10761680+ 11^73174000** +408992300880** 

+ 1968219965680** + 1968219965680&® 
+408992300880**® +11873174000** » 

+ 10761680*1 *) 
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a® =fc*(9528671904+859275897408fc» +8567597445984S;* 
+17583505295232fc« +8567597445984*1'' 
+859275897408*;' ° + 9528671904*:' ® ) 

a® = -(1 + 72641337 +74197080276*:* 

+2504055894564*;“ + 11966116940238*:® 

+ 11966116940238*:'“ +2504055894564*:' » 

+ 74197080276*:' * + 72641337*;' « + *;'“) 

=*:« (96855122 + 297545001712*:» 

+ 20979207152120*:* +192841163567248*;“ 
+387317355330668*;“ +192841163567248*:''> 
+20979207152120*:'* +297545001712*;'* 
+96855122*:' •) 


=(1+653772070** + 1859539731885*:* 

+ 128453495887560*;“ + 1 171517154238290*;“ 

+ 2347836365864484*' “ + 1171517154238290*' * 
+ 128453495887560*' * + 1859539731885*' “ 
+653772070*' “ + *»'>). 

Expansion of cn(M). 


3. Fricke has also shown that 


=CI1 

J ^ on’ ’ 

du*' 

«*•"+• on _ 

— ati 6n J +3b!'^^cn* +55! ^on* + ... 

t. ‘ ■ 


(v) ■) 

+ (2t)+l)6. on*” J. 


} 
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The .^elation between the co-efficients is given by the equation 

+ (2/*+2;(2/x+3)(l-A*)&(”^ 

tt T* i 


Let us assume 


U* 

cn(tt)=l + 6i|J“ + Z>j j_6~ +"• 


Then 


5, 


/ d’^'cnv, \ 

\dM^ ) 

v-0 


Therefore 


(tj) (i;) (u) 

&«=So +...+&/ 


From (5) we have 

=-l + 2A:*, 6?^ =-2A:* 

bf^ a:m*-m*, hf^= 24 A* 

fcf ^ =-l+ 138i;‘ -408fc* +272fc\ 

if =~mh*+m2h*-m2k\ 

if =-840fc* +1680^% if =-mh\ 
if =l-1232ft»+ 9168*1* -15872ft' +7936ft», 

/41 

II »1640ft* -31440ft* +84480ft* -66320ft*, 

=23184ft* -.129024ft* + 129024ft* 

6^^^ =6G480ft« -120960ft* 
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6?^ =40320^* 

( 6 ) 

bl =-l + 11074fc“-210112A;*+V29728&» 

-884480A;8 + 353792X:i», . 

bf = - 14762A:« + mSUh* -4388736A* 

+ 7220224&* -3610112Jfe> «. 

( 6 ) 

6, =-599280fc^ + 7302240il:<'-18311040A:« +12207360X;> 
( 6 ) 

6, = -3659040*0 + 18627840fc8-18627840A:“. 

( 6 ) 

5* =-6652800*0 + 13305600*'®. 

=-3628800*'®. 

( 6 ) 

6o =1-99648*0 +4992576*0-32154112*0+71997696*0 

- 67104768* ' ® + 22368256*' » . 

( 6 ) 

6, =132860*0 -19281080** +211964480*® -657704320* 
+ 774592000* ' ® -309836800* . 

( 6 ) 

6; =15169144*0-375543168*0+1811601792*0 

- 2872117248*' ® + 1436058624*' 0 , 

( 6 ) 

6, =197271360*0—1869418880*0+4724628480*'® 
-3149752320*' 0, 

( 6 ) 

5, =743783040*«-3597834240*'®+3697834240*'*. 

( 6 ) 

6. =1037836800*'®-2076673600*'*. 

6^ =479001600** *; 
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6^ ^ = -1 +896810fc» -121675512)c* + 1429612624«» 

_8354318720A« +8804878080A:' « -6663150592*' « 
+1903757312*'*. 

bf=-1195742**+479303376**-10078771152*'> 

+ 53641906944*® — 1 12628381 952* ' “ 

+ 103028914176*" -34342971392*' *. 

= —380572920** + 18663306480*® 

-157611767040*® +451425461760*'° 

- 519526425600*' » + 207810570240*' * . 

=-10121070960*® +180652792320** 

- 7914543433680*' ° + 1221603102720*' » 
-610801551360*'*. 

=-71293622400** +636366931200*'° 

-1481339059200*' ® +987559372800***. 

= -192518726400k' ° +900842342400*' » 

-900842342400*'*. 

bf ^ = -217945728000*’ * +435891456000*' * 

b^/^ =-87178291200*'*. 

=1-8071264** +3006463840** -65021410816*® 
1-389937612544** -1016535248896*' ° + 1318216683620*' * 
-839461371904*' *+ 209865.342976*' » . 

=10761680** -11948505760** +480457.340160** 

-4191655738880*»+14168862976000*'°-22391218606080*'* 
+ 16723673415680*' * -4778192404480*' », 
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( 8 ) 

6, =952867l904A:*-916447928832fc« +13006907011584*8 
-60637227491328*‘ ° + 121459387060224*1 * 

— 109368927977472* i * + 36456309325824*1 « . 

( 8 ) 

=507349664640*8—15536891784960*8 

+ 112165149358080*1 <i -303438672875620*1 « 

+ 342992859955200*18-137197143982080*18. 

(«) 

5* =6341 563388160*8 —94388904529920*1 « 

+387671067463680*1 * -586564325867520*1 * 

+ 293282162933760*18. 

(«) 

5, =29711191910400*18 - 246864012595200*1“ 

+ 562324886323200*1 * -374883257548800*1 » . 

if ^ =62245299916800*1 » -284549942476800*1 * 

+ 284549942476800*18. 

if ^ =59281238016000*1 ‘ -118562476032000*1 ». 

if ^ =20922789888000*1 « . 

if ^ = - 1 + 72641346*8 - 74778211008*!* +3025469414016*' 
-28552658908416*8+111959522763264*18 
-222711776673792*1 > + 238165246869504*1* 
-130899983007744*1 8 + 29088885112832*18, 

if ^ = -96855122** + 298319842688** - 23064734107520*“ 
+324970275402752*8-1676632135367168*18 
+4100526862551552*1* -5172767729771520*1* 

+ 3262213521932288*18-815553380483072*18, 
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_23334593770Ojfc4+448396998OOOOOA)® — 1050618700696320fc« 

+ 75800616347 36640fc ' ® - 23693732940595200 ft” 
+36226011554611200ft”— 26748518378373120ft” 

+ 7642433822392320ft” . 

6^®^ = _25145993724480ft» + 1295113966410240ft* 

-14661508613921280ft‘»+62388114416271360ft” 
-120332370011258880fe” +106965975363747840ft’ « 
-35655325121249280ft”. 

-542078215660800ft* fl2811131585907200ft' ^ 
-83396879858073600ft” +216317767886438400ft> * 
-241079771971584060ft” +06431908788633600ft‘ * . 

ftp -4165794926092800ft” +552659221610496001:' • 

-216772856178278400ft'* +323018868034457600&' • 
-161506934017228800ft'*. 

-14441333018112000ft' * +114162961296384000ft' * 
-255840885780480000ft' «+ 170560590520320000ft > • 

(9) 

6; =-246669231384576001'* +110832202594713600ft' * 
-1108322025947136001'* 

(9) 

h, =-2027418340l472000ft'* +405483668029440001'* 
=-64023737057280001' ‘ 

We therefore have 

Oi=-(l+ft*), 0,= (1+141*+ ft*) 

a, =-(1+1361* +1351* +ft») 


=(1 + 1228ft* +54781* + 12281* + ft* ) 
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- ( 1 4 . 1 1069 A* + 165826A* + 165826A» +11069AS 0 ) 

«»=(H-99642A*+449435U* + 13180268A»+4494351A* 

4-^^9642A;^o + ^-i8^ 

rt, =~( 1 4- 896803A* + 116294673A* +834687179A« +834687179A* 

+ 116294673A»'> 4.896803A** +Ai*) 

«» =(1 + 8071256A* 4-2949965020A* +47152124264A* 

+ lO9645021894A«+47152124264A‘04.2949965020A» » 

+ 8071256^1*4- A’ «) 

«s = — (1 + 726413377c* +74197080276A*+2504055894664A« 

+ 11966116940238A* + 11966116940238^1'' +2504055894564Ai» 
+ 74197080276Ai*-t-72641337Ai«4.Ai8) 

fl, o«(l +653772070A* .H859639731886A*.f.l28453495887560A* 

+ 1 17 1 617154238290A» +2347836365864484A1 “ 

4- 1 171617164288290X1 * 4- 128453495887560A'* 

+ 1869639731886A1 • -j- 653772070Ai » + A* <> ) 

6*— 1+4A*, — 1_44A* — 16A* 

^4i“l4'408X!* +912A* -1-641® 
fc. ss -1-.;}688A* -307681* -15808A® -2561® 

6^, as 1 -f 3:i212A!> + 8706401* 4- 15386601® 4- 2593281® 4-10241*® 

6, = — 1 —29 89321* — 229450561* —1069230081® —660088961® 
-41S099211 0-409611* 

5, 3=1 4.2«590416fc* 4-5866299841* 4-63376661521® 4- 986Q 1884481® 

4 - 263697433611 0 4 - 6794742411 *4-1638411 * 

5, sss _ 1 242137761* - 148043060801* -3455586179841® 

- 11653334525441® - 78293197414411 0 -9615358203O11 * 

- 10734632961 1 *- 6563611 ® . 


g. c. M1TB.A 


\n 


Expansion of 

4. We can now expand dn u 
Let ns assume that 

dnw=l+ei ,~a 


[3^"* L-4 ■ u6 


Then c^, Cg, etc. can he calculated by means of the relation 


Therefore 

c, = -]b*, c.=fc*+4P, c, = -P-44fc*-167c^ 

o^=)ii«+408A;® +912fc*+64fe* 
c j — _Ji;i o_3688i!« — 30768fc® — 15808/c* — 256*» 

• +ZZ212¥ 0 +8706407)® + 15385607c® + 259B28k* + 10247;* 
0, -2989327;' ^ -229450567' ® -1069230087® 
-650088967® -41809927* -40967* 
c, =7'® +26904167'* +5866299847' * +63376651527' « 

+ 98604884487® + 25369743367® + 670474247* + 163847* 
<,^-_A,x8_24,2137767'®-148043060807'*-3455686179847'* 
-11653334525447' ® -7829319741447® -951535820807® 
-10734632967* -655367*. 

Ball. Cal. Math. Soc,, Vol. XVIT, No. 4, 
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Motion op the earth as conceived bt the ancient 
Indian Astkonomers. 

BY 

SUKUMAR EaNJAN DaS 

i,s no w an established fact that the earth does rotate and that -the 
apparenti diurnal motion of the heavens from east to west appears fr'om 
the followixig considerations : — 

(1) From simplicity j 

(2) From analogy ; 

(2) From centrifugal force ; 

(4) From the experiment of letting a body fall from the top of a 
higli tower ; 

(T)) From E^oucault’s pendulum experiment j 
and ((>) From gyroscopic experiment. 

Tho first three arguments show that it is extremely possible that 
the eat ill njtates ; but the last three give experimental proofs of its 
rotation. It was Copernicus who was the first to maintain in Europe 
that tho earth rotates and his argument in favour of earth’s rotation 
waB that tins was a much simpler, and therefore a much probable expla- 
nation than that all the stars and other heavenly bodies should be 
linked together in such a complicated manner as to perform each its 
revolution x*ound the celestial pole in the same time. However, the 
HubHe(|uont invention of telescope by Galileo in 1609 established this 
beyond doubt in Europe. By means of the telescope we can see that 
many of the planets, as well as the sun and moon, are spherical bodies 
rotating about axes, from which we conclude the earth also rotates. It 
iH now known that the earth completes a rotation round its axis in a 
period of 24 hours which is called its diurnal motion and it completes 
a revoltttiou round the sun in an elliptic path in a period of 365 days, 
5 hourB, 47 minutes, 48 seconds which is called its annual motion. 
However, a long time elapsed before this fact was conclusively proved 
and the arguments that were put forward in favour of or against earth’s 
rotation both in Europe and in India are not only instructive but also 
interesting. 
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Of the ancieDt Hindu astronomers -iryabhata was the first to main- 
tain the diurnal rotation of the earth round its axis. Aryabhata 
flourished in the fifth century A. D., (C. 475'A.D.\ In the first sloka 
of his Geetik§p5da he said that in the four Yugas i.e., in 43,20000 solar 
years, the earth rotates 15822,7500 times. He illustrates his theory 
of earth^s rotation in his Aryabhatiya (499 A,D.) by stating ; * 

“As a man on a boat in a river sees the immovable trees on either 
bank move westward, in a similar way the fixed stars appear to move 
westward with equal velocity to an observer on the equator.” 

But this theory of Aryabhata was not recognised by later Indian 
Astronomers till after a very considerable time. The first celebrated 
astronomer to oppose this theory was a contemporary of his, Varaha- 
mihira. In his Fancha-siddhdntikd he writes in refutation 

“Others maintain that the earth revolves as if it were placed in a 
revolving engine, not the sphere ; if that were the case, falcons and 
other (winged creatures) could not return from the ether to their nests. 

(Chap, XIII, sloka 6.) 

“And, to mention another argument, if the earth revolved in one 
day, flags and similai^ things would, owing to the quickness of the 
revolution, stream constantly towards the west. If the earth, on the 
other hand, moves slowly, how does it revolve once within twenty four 
hours ?” (Sloka 7) 

Even Lalla, who is said to have been a disciple of Aryabhata, could 
not subscribe to the theory of his master and in refutation he adduced 
one more argument in addition to those of Varahamihira. He a«ked, 

“ If the earth is moving at a very rdpid speed, why does not an arrow 
projected upwards fall on the western side of the place of projection ? 
Why do not the clouds appear to move only towards the west P You 
cannot say that the earth is moving at a less speed, as it has to complete 
one revolution round its axis in 24 hours,” Brahmagupta and many 
other astronomers of later date put forward the above arguments 
against Aryabhata’s theory of earth’s rotation. Lalla probably lived 
in the sixth century A.D. and was a contemporary of Varahamihira, 
Brahmagupta came after Varahamihira and was born in 598 A.D. 
He wrote his Brahma Sphiita Siddhanta in 628 A.D. It is no doubt 
surprising that they did not consider for a moment that the aerial 

* This does not clear whether Aryabhata had in mind only the ge^cmtric 
rotation of the Barth or ils revoln^^^^ as well. Bat as he has stated 

the periodic tinaes of the sun, Barth, mopn and other planets in the same breath 

kinds of motion of the Barth might have been meant Brahmagupta also 
while refuting this theory of iryabha^a, refers to both kinds of motion. (This 
18 mentioned in the next page.) ‘ 
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Hm< migh t x-evolve with the same velocity as that of the earth. To 
refute thm theory of earth’s rotation Brahmagupta produced another 
argument, Vi 2;.^ “ if the earth moves a minute in a prana, then whence 
and in whstt route does it proceed? If it revolves, then why do not 
lofty objects fall?” (BrahmasphQta Siddhsnta). - 

Bhattotp0^1a,^ the celebrated commentator, who flourished in the 
10 th contuv^r A.D., could not accept the theory of Aryabhata. He 
also snbscx-i'be^j to the views of Varahamihira and Brahmagupta. 
Even Bhasca^ira, the gem among ancient mathematicians, disapproved 
of the thoox-y of Aryabhata. He did not deal with this question 
at a considex'a.'ble length. Living so late as in the twelfth century A.D. 
he was en^vossed with other more important problems of nature and 
did not thinlc it worthwhile to take up much of his time in determina- 
ti<»n of the rotation of earth; for he knew that for all practical 
puiqMises tile same results would be arrived at if rotation of the 
earth ami fixity of the sun and stars or its contrary were accepted. 
Bhaseara^B disapproval of the theory of Aryabhata is known by his 
dealing witH this question in the flrst chapter of GolSdhyaya and 
mainly by -blie quotation of the views of Lalla against Aryabhata’s 
theory. 

The oppositionists in this question were so strong that ParamesWara, 
a eoniments-tor of Aryabhata, had to twist the meaning of the couplet 
in Aryahhcttiya already referred to. He said, The earth is really 
fixed, but some say that the earth moves and the stars are fixed,” 
Tiio reason xn.ay be that Parameswara came just after BhSsoara and 
at that time no body could boldly maintain earth’s rotation, 

Howeven,, Aryabhata had one supporter in PrithQdaca Swami, the 
celebmted eommentator of Brahmagupta who strongly supported 
Aryabhata-^s theory of earth^s rotation. He affirmed “The starry 
aphei^o ifl staitionary, and the earth, making a revolution, produces 
the daily r-ising and setting of the stars and planets.” * PrithCtdaca 
Swami further replied to the objection of Brahmagupta by saying, 
“ Aryabhata/’ Q opinion appears, nevertheless, satisfactory, since pliinets 
OHTmot ha VO two motions at once : and the objection that lofty things 
would fall is contradicted, for every day the under-part of the earth 
ia al«o the ixpper, since, wherever the spectator stands on the .earth’s 
fturfaooi even that spot is the uppermost point.” This much is krfown 

Thii is generally mistaken for A.ryabhata's own writing, but it 

Pri»hndK»’« wa-y***?' 
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of Prittudaoa Swami that he fiourished before Sripati who quotes 
Piithudaoa in his works. Sripati is known to have written his. 
Siddhanta Sekhara about 962 Saka or 1038 A.D. Hence Prithudaoa 
might have propounded his views in the later half of the tenth century. 

“ Though Aryabhata was the first among ancient Hindu astronomers 
to give a clear idea about the diurnal rotation of the earth on its axis,” 
says Oolehrooke, “ Yet there are instances to show the existence of 
this theory even seven centuries earlier.” However, this theory took 
time to be recognised* 

Tlie theory that the earth moves daily round an axis, and that 
it has a motion round the sun as a kind of centre, which is completed 
in a yejtr, is a doctrine so far removed from the evidence of our 
senses and so contrary to our daily observations, that before the 
proofs are understood, if it is received at all, it will be received as a 
mere opinion uf men better able to judge of such matters, which may 
or may not be true** 

It is not therefore astonishing that even in the times of Copernicus, 
Kepler and Q-alileo, a theory which was so contrary and so entirely 
opposed to that which had been so universally received, should have 
been met with ridicule, and even with the persecution of its authors 
aud their followers and that Galileo had to pay the penalty of his 
head when he. boldly asserted tbe motion of the earth. 

Here are some of the arguments put forward by some of the later 
Hindu Astronomers against Aryabhata’s theory of the diurnal motion 
of the earth : — 

(1) If the earth was in motion and made a complete revolution 
round its supposed axis, then pulled by that tremendous speed the 
houses, temples and other buildings on the surface of the earth 
would have, no doubt, crumbled down every minute and been shattered 
to pieces. 

(2) On account of the constant revolution of the earth men, 
beasts and other animals could not have remained standing, not to 
speak of moving from one place to another. 

(3) In consequence of the revolution of the earth, there would 
have been constant earth-quake, the waters would have swollen^ and 
rivers would have ceased to flow and there would have been no tides 
stall. 

(4) It is seen that a heavy body when falling from even tbe 
highest peak of a mountain, always falls at the foot of the mountain. 
But how could that have been possible if tbe earth was in motion ? 


^ Brennand’s Hindu Astronomy, 
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The circumference of the earth is 25 thousand miles and the earth 
takes 24{ hours to complete a revolution on its supposed axis ; hence 
the earth moves or about 1000 miles per hour or 16| miles per 

minute, Now if a heavy body takes 30 seconds to touch the ground 
by that time the earth has moved eight miles. Therefore, how can the 
body fall at the foot of the mountain ? 

(See Brahma Sphiita SiddhSnta) 

(5) If we throw a stone from the west to hit a body on the east, 
then the stone must miss its aim as the body on the surface of the 
earth has moved considerably, if the earth is in motion. 

(6) It is seen that rainfall continues at a place for several hours. 
It would have been impossible if the earth was in motion* For, we 
know the earth moves about 16 miles per minute and every minute the 
place where rainfall has begun will be shifted from its original position 
by a considerable distance, 

(7) If the earth was in motion, then the birds leaving their nests 
and flying i n the sky would not have found their homes back whenever 
they liked to return. For, the trees on which their nests were situated 
would have moved considerably from their original position every 
minute. No doubt they could find their nests in the same place if 

they returned just after 24 hours. But that is not always the case. 
(Lalla) 

(8) To illustrate further the last argument, it is said that ants 
swimming in water are carried by the current of the water ; and 
therefore it is certain that birds must always fly in the direction of the 
motion of the earth, z,e., they would be carried away by the much 
quicker motion of the earth from west to east. As the velocity of the 
ant is small compared with that of the current, the ant cannot go 
against the current ; the velocity of the bird is many times small and 
even negligible in comparison with that of the earth, hence on no 
account the bird can overpower tbe motion of the earth and fly from 
east to west. 

These arguments, though fallacious, are surely an outcome of a 
searching inquisitive brain and require much scientific knowledge for a 
reply. A satisfactory reply would, no doubt, presuppose a thorough 
knowledge of the law of relative velocity. 

About the cause of rotation it is known from the numerous quota- 
tions of Bhattotpala'that ** Aryabhata accounted for the diurnal rotation 
of the earth on its axis by a wind or current of serial fluid the 

extent of which, according to the orbit assigned to it by him, was little 
more than one hundred miles from the surface of the earth.’' This 
cause of rotation whether of the e^rtborof the starry heavei^ ti,s th^ 
4 
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case miglit be was accepted by Varabamibira and others. ' In 
about the cause of rotation this was tbe unanimous opinion of both the 
schools. ' ■ ■ 

Now let us consider tbe views of astronomers anterior to Aryabhata. 
We have, from the quotations by Bhattotpala that Pulisa siddhanta 
maintained that the earth was spherical, fixed at the centre of the 
rotating starry heaven and the rotation was due to the driving force of 
Prabaha or »rial current. The same views were held by the Vasistha 
siddhanta and they were quoted by Bhattotpala in his commentary of 
Brhat Saiphita. As regards the views of the Jaina astronomers we. 
desire to deal with them at a considerable length, as some of them were 
very peculiar. 

It is interesting to note here that there appears in the Aitareya' 
Brahmin a passage which is certainly not less than 2000 years before 
the birth of Copernicus in which it is stated that “the sun never sets 
nor rises. When people think to themselves the sun is setting, he only 
changesiabout after reaching the end of the day and makes night below 
and day to what is on the other side. Then when people think he 
rises in the morning, he only shifts himself about after reaching the 
end of the night and makes day belo w and night to what is on • the 
other side.* 

Dr. Hang was the first among oriental scholars who drew attention- 
to this passage. He said “ This passage is of considerble interest, 
containing the . denial of the existence of sun-rise and sun-set. The 
author ascribes a daily course to the sun, but supposes it to remain' 
always in its high position on the sky. making sun-iise and sun-set 
by means of its own contrarieties.” Refering to this passage also 
Momer Williams says, “We may close the subject of Brahmanas by 
paying a tribute of respect to the acuteness of the Hindu mind, which 
seems to have made some shrewd astronomical guesses more than 
2000 years before tbe birth of Copernicus,” i" 

We have also in Bishnupnrana a passage of almost similar signifi- 
cance which says, “ the place where the sun is visible for a time has 
the snn-rise there and the sun sets on that place at that time where 
the sun IS not visible. In truth, the sun never rises nor sets ; when 
the sun is visible, he is said to have arisen, when the sun is not visible 
he is said to have set,” J - * 


* Fide (Up. III.-II.1.8) Prof, Eadha Krishnan, Indian Philosophy, ■pa^6 2d, 
t Indian Wisdonit 

% Biahnupuran, Chap. VIH, part II, Slokas 14 and 16, ' 
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- The Jauia astronomei’s who lived long before the time of Aryabhata, 
• nay who were probably the oldest in the field of AstTOnomy, the authors' 
of Joytish Vedanga being excepted, had a peculiar conception of the 
causes of day and night. They had no notion of the diurnal motion 
of the earth and consequent causes of the rising and setting of stars 
and planets. Till very recently no work of the Jaina Astronomers was 
available. Their trend of arguments could only be gathered from a 
few quotations by Varahamihira, Brahmagupta, Bhiiscaracharya and 
others, in course of their refutation of the former’s theories. There 
occurs a passage in the 13th chapter of Varahamihira’s Pancha- 
siddhantika which refers to the Jaina Astronomers 

“ If, in agreement with the doctrine of the Arhat, there were two 
suns and moons rising hy turns, how then is it that a mark made- in the 
polai' constellation by means of a . line drawn from the sun revolves 
within one day ? ” Hence Varahamihira concludes that there is one 
complete revolution of the sun within 24 hours.* 

"We have aW in the Hushana adhyaya of Brahmagupta’s Sphuta 
Siddhanta a passage refuting the theories of the Jainas 

‘There are fifty four nakshatras, two risings of the sun; this 
which has been taught by Jeina is untrue, since the revolution of the 
polar fish takes place within one day.”t 

The only work on Jaina Astronomy which is now available is 

Suryaprajnapti, in a longaized manuscript form with loose pages. It 

is written in Jaina prakrt and divided into twenty books called 
prSbhrtas, some of these again into chapters called prSbhrta 
prSbhrtas. The exact date of this work is not known. Thibaut 
says that this book must have been written before the Greeks 
dame to India, as there is no trace of Greek influence in this 
work. Anyhow it must have been written at least three or four 
oenturies before Christ. It is generally believed that Pythagoras was 
the first to maintain that the earth is a spliere. But long before 
Pythagoras propounded this view, the author of Suryaprajnapti spoke 
of the earth as an immense circular flat, i.e,, spherical. ‘‘The earthi,’' 
says Suryaprajnapti, “ is considered to be an immense oirculur flat 
consisting- of a number of concentric rings, called dvt pas, separated' 
from each other by ringshaped oceans. In the centre of the earth 
stands Mount Menu ; around it runs the first dvipa-Jambudvipa. It is 

* Panoha Sfddhantika, Chap. XIH, verse 8. 





180 S. R. t)AS 

surrounded by a circular ocean, the water of which is salt 

The southern segment of the Jambudvipa is occupied by the BhSrata-r ■ 

varsha, and the northern segment by the Air§<vata-varsha.” 

ISTow to come to the point we were discussing, the Jainas accounted 
for the alternation of day and night by imagining that the daily 
changes were caused by the passage of “ two suns and two moons, and 
a double set of stars, and minor planets round a pyramidial mountain, 
at the foot of which is the habitable earths” Oolebrooke says, “They 
(Jainas) conceive the setting and rising of stars and planets to be caused 
by the mountain Sumeru and suppose three times the period of a 
planet’s appearance to be requisite for it to pass round Sumeru and 
return to the place where it emerged. Accordingly they allot two 
sunsj as many moons and an equal number of each planet, star and 
constellation to Jambudvipa j and that these appear on alternate days 
south and north of Meru.”* 

Malayagiri, the commentator of Suryaprajnapti, has very lucidly 
explained the matter in classical Sanskrit. He says, “ The earth is 
called Jambudvipa. the northern segment is Airabatabarsha and the 
southern segment is BhSratabarsha. The two suns rising first shine 
on the northern and southern parts of Jambudvipa respectively and 
then again rise to shine upon the eastern and western parts respec- 
tively. Thus while the suns shine on the northern and southern parts, 
the eastern and western parts are enveloped in darkness and there at 
that time night prevails.” t 

Sripati (960 Saka) in his SiddhSnta-Sekhara, in the 11th century 
A. D. speaks of the Jain a Astronomers in the following sloka ; — 

“ The Jainas say that the earth is not fixed, but descends perpe- 
tually in space, there are two suns, two moons, two sets of stars and 
planets and the Meru is of pyramidial shape.” J 

We have already seen that Brahmagupta refuted this absurdity. 
His refutation was copied by BhSscaracharya, who added to it the 
refutation of another notion of the Jaina Astronomers regarding the 
falling of the earth in space, founded upon the idea that the earth 
being heavy and without support, must perpetually descend, Bhfts- 
caracharya hved in the beginning of the twelfth century A. D, 


* Asiatic Researches^ Yol, IX, p. 321. 
f Suryaprajnapti, Prdbhxta, 11, p. 47. 

* 'raw: ’JWr wwps sw i 

ft ft wTOit K 
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lh« ^iven by him in his Siddhanta Siromani aie as 

fgliowH : — ‘ ♦ 

‘Vlhn gartli stands firm by its own power without other support in 
Hpat*o/' (Vei'ao 2). 

( Hero we mention a fact that in the Puranas the serpent, 

Ananta, is «i^f>posed to be the supporter of this earth. This must be 
au allegory iUi<.X xneans no doubt that the earth stands without support 
in Hpure, uh tHo meaning of Ananta is also ‘‘space.’’) 

if there l>o ai material support to the earth, and another upholder 
of that, and another of this, and so on, there is no limit. If, 

finally, Keli*H\xpport must be assumed, why not assume it at the yery 
beginning I* W“ not recognise it in this multiform earth p ” (verse 4'. 

** Ah boat is in the sun and fire, coldness in the moon, fluidity in 
wat4»r, bardne«3« in iron, so mobility is in air, and immobility in the 
earth, by nut (verse 5), 

** Tho possessing an attractive force (like loadstone for iron, 

sayH ilio eomifi-x^ntator on Bhascara), draws towards itself any heavy 
HuhHkuitto nit.ixcL'fced in the surrounded atmosphere and that substance 
appears as if it> fell. But where can the earth fall, in ethereal space 
which in ilio and alike on all sides ? ” (verse 6). 

Thera in » passage in this connection in Chapter I of GoUdhyaya 
whic!) rafcra to the Buddhist astronomers who, however, on observation 
of iha r«voll^tion of the stars, acknowledged that the earth had no 
atipport but iir laLxntained that the earth fell in ethereal space, No work 
of any Butlciliist astronomer is available and it is generally believed 
that in conHfiqxxeixce of Lord Buddha’s preaching against the astrono- 
mical Hcienco, perusal of which by the Buddhist monks was strictly 
forhiiidan, pof^ailbly no astronomical work was ever written by any 
BiuidluHi of jcxxicient times, However, Bhascara referred, to some 
iHjniarkH of ilio JBuddhists in the following passage 

** Whu*m«» d-oat thou, 0 Bauddba, get this idle notion, that because 
any heavy ntili^stance thrown into the air falls to the earth, therefore 
the earth itatil f descends ? ” (Terse 9). 

BhaMcam in his BasanH (stmr) vasya, further, illustrates this 
point. “ hie says, “ if the earth were falling, an arrow shot into 

the air would »ot return to the earth when the projectile force was 
exhauRiod, aiiio© hoth would descend. Nor can it be said that it moves 
slower and i« overtaken by the arrow, for heaviest bodies fall quickest 
and the oartlx is heaviest.” (Basana YSsya on verse 9). 

* Siddhanta Sii’oinani'^QolidhySya, Chap* I. 
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Bh^ttotpala also had an argument against the falling oi earth in 
space. He said, '“stone thrown upwards falls to the earth. If it he 
said that being very heavy eM'th falls slower than the lighter stone, 
then it naust be asked in which direction it is falling. It cannot be 
said that earth is falling downward. For downward is a relative term 
anid .in fact the earth cannot have a downward pare. For can it be 
said that the earth is falling sidewise. Hence it must he admitted that 
the earth is standing at the centre of the starry heaven without any 
support by. dint of its own special power (ftfsresrfwgwl) 

; The , long discussion on this subject is not only interesting but a)sO; 
instructive, .There were various changes of views, of course, not 
without the best intentions of further research. Of this Dr. JECern said 
in his preface to B.rhat Samhita “ And in no branch of Sanskrit 
literature , have changes been made so freely as in astronomical works. 
Not from unworthy motives ; on the contrary, the Hindu astronomers. 
werS the only class of learned, men in their country who had an idea 
of science being progresive, not stationaiy or retrogressive.” . . ; 

„ .These views show a deep insight and penetration into astronomical 
Bnd physical phenomena and presuppose a spirit of enquiry in no way 

inferior to that shown even by Newton when, he proceeded to suggest 

that if the earth rotates from west to east, a body, on being let fall 
from a considerable height above the . earth’s surface, should fall, to 
the east of the vertical line. .The, arguments advanced by them are. not 
pnly interesting and instructive, hut also set people thinking on many. 

of the prohlems of nature that are; often met with in our daily life. 

■ Bull. Cal. Math. Soc., Vol: 
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On Thomas’s Oritbrion 

{An Extract of a letter to Prof. Ganesh Prasad) 

BY 

J. M. Whittaker 

{Trinity Oollege, Oamhridge) • • - 

I had read Dr. Narayan’s papers before writing my own, but became 
interested in the problem from another angle. The close analogy 
between series and integrals suggested that the notion of the limit of a 
function at a point might bo generalised much in the same way that the 
sum (0 1) of a series is the generalised limit of its sum. Eeplacing 
h by X, 

S„=(ij+a, + .,.+a, 

by /(jj) and integrating instead of summing, it is then natural to call 

f{.n) dfi 

0 

the generalised limit of the function /(oj) at 05=0+. If we did 
not know the corresponding result for summable series, we might 
then expect this definition to define a limit for functions which 
though not continuous at do not oscillate very rapidly in 

its neighbourhood. e,g, sin (log aj). However in the case of series 
it is known that the generalised (0 1) limit fails to exist not only 
for very diver^^ent series but also for those which are “ nearly but not 
quite convergent,*' The point of my paper was to show that the same 
state of affairs holds in the case of functions, and for the same reason,, 
Sin (log x) is then a function too nearly continuous for the generalised 

limit to exist, just as E. nearly convergent to be sum- 

mable ^,0 1) 


lim 1 I 

X — ^ + 0aj 
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Other theorems on summable series have their analogues for 
functions* e.g, Hardy’s necessary and sufficient condition that a series 
he summable (Cl), that 

a,+a, + ... + a.+«[ + ] — > A 

The theorem of Thomse’s you mention is analogous to the trivial 
theorem that 




.0 if 


S ^ convei’ges. 


Bui. Cal. Math. Soc. YoL XVII, No. 4, 
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On obetain many- valued solutions ob the equations 

OP ELASTIC EQUILIBEIUM AND THEIR APPLICATION 
TO THE PROBLEM OP DISLOCATION IN BODIES 
WITH CIRCULAR BOUNDARIES 

BT 

SuDBHOBAN Ghosh 
{Calcutta University) 

§ 1 . 

It was first pointed out by Wiengarten* that in a body occupying 
a multiply-connected space there is a physical possibility of the 
displacements being expressed by many-valued functions. He inter- 
preted these displacements as being due to dislocations produced in; 
the body by cutting it along a system of barriers which should be put 
in to make the region occupied by the body simply-connected, and 
then joining the opposite faces by removal or insertion of thin slices 
of matter of the same kind as that of the body. The new body so 
formed would then be in a state of initial stress. The stress and 
therefore the strain in the body must be single-valued and continuous, 
but the displacements would be discontinuous in crossing a barrier. 
The theory was further developed by Timpe.t Volterra and Oesaro,} 
It has been proved that the displacement of matter on one side of the 
barrier relative to that on the other side is one possible in a rigid 


* ioma, Acc, Pfiwd. (Ser, 6,), 1 10 (1 Sem), l90Jr, p. 67. 

t + Probleme d. SpanntiTJgsverteiltiiig in' ebenen Systemen einfacb gelost niit 
Eilfed, Airy sohen Punktion, Dm®., Leipzig, 1906, 

t Paris Am 4 JSe* notfn* (Ser, 8) t. 04, 1907* pp 40»617* » 
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body.* Moreover tbe position of tbe barriers in the body which has 
su:ffiered dislocation and is consequently in a state of initial stress is 
immaterial and in fact there is nothing to show the seat of dislocation. 
Volterra t has applied the solutions of the equations of equilibrium 
of a two-dimensional elastic system in polar coordinates to the problem 
of dislocation in a hollow cylinder bounded by two concentric circles. 
In the present paper, use has been made of the expression for the stress 
fianotion xl in bipolar coordinates to solve the problem of dislocation 
in a hollow cylinder whose crossection is bounded by two non -concen- 
tric circles, the cases discussed being those of (1) parallel fissures and 
(2) wedge‘-shapeifi[ssures. - - 


§2. 


Let us consider the substii^-wion 


Here 




x+i(y^a) 


a sin i3 
cosh a— cos JO 


3/ = 


a sinh a 
cosh a— cos p 


and . ■- 

!.=( ^ V+Y V 

A* A da A V da ) 

■ • 

(cosh a~oos yS) * . 

Y Therefore ” 

coah_a— cos^ 
a 

The curves a = constant are a set of co-axial circles having the 
points (0, —a) aiid (0, a) as limiting points and /5=constant, another 

* Weingarten, ou.cft. Lpye, Tftsory 0 / 4lo8i»c<<v.(3rd edition), 166 A; - 

■J* loc, city 
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set of circles passing through tHe limiting points and oufctipg, the first 
set orthogonally. We have /3=:0 on the 2 /-axis except on the portion 
between the limiting points where ^=7r. 

In the case of plane strain, the displacements. % i; ai-e given in 
tenns of the stress function x by the formulse * 


X+IJ. Qa 0/J 




... ( 1 ) 


where 






2(X+/i) 




... ( 2 ) 


The stresses are given by t 


^ C 9 * • 9 

a.aa= I (cosh a— cos ^3) sinha ^ 


aiS* . 


-sin/8 ^ + cosh a-^ (i^x) 


a.a^=— .(cosh <x— cos^) 


d^jhx ) 

0a9/8 


r ‘ * 9 

a./3)8= .J (cosh a— cos -sinh^ 


I 


Qa 


-siii^^+oos/3| (hx) 


... (3) 


* Jeffery. “ Plane Stress and plane strain in bipolar coordinates ’* Phil, Trans, 
lay, 8oc, Ser. A. Vol 221, pp 266-293. 

t Jeffery, loc, cit .. . . 
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The terms in x that give many-valued displacements ai^e * 

^X=(A cosha+B sinha-f-Ccos jS+D sin yS) a 

+ 4 (A'cosh sinha +C'cosy8-|-D^sin)5) y3. (4) 

and the corresponding value of Q is given by 

^osh a-bS sinh a+0 cos jS+D sin B) B 

A + /X 

(A' cosh a^W sinh a+0' cos /3+D' sin P)a ..,(5) 

A+/a 

Writing only the many -valued terms in the displacements, we have 


2/aw=— — 0 sin ^+D cos ^ 

"c oshll^lsjg a+B sinh a+ 0 cos D sin /?) ] 

a+B' cosh a 

"cosS ^cosjS ] 

“+B oosh a 


sinh a . . . „ n 

~‘ cosha-cos;g “!■+ ® 8“^ “+0 cos /3+D 8in^) J 

+ /SjT — 0' sin ;3+D' cos j8 

sin B , . f ^ -1 

“ii^sh a-oosjS' “+^' °°® ^+B' sin J 


K.. (6) 


^ Jeffery, {2oc, cit 
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The discontinuities of tlie displacements at any point of a barrier are 
given by 

Osin^+Dcos^ 

sin iS / A 1 . -1 

oosha-cos /3 a+C cos ^+D sin J 


A' sinh a+B' cosh a 


“co'sh ai^s 13 “+B'8inh a+C'cos/J+D'sin j" 

■“cosh a - 008 J3 “+‘^ •'■os ^+D sin /3)^ 

cosh a— cos /3 ^ a +0 cos^+D' sin/S) J 


Calculating A and ^ from and find that 


and 


A= ™ A'+C ' 

A.+j« a * 

2'Wss A+0 

~ m 



Thus if A'+C'=0, M, and 
possible in a rigid body. Hence these 
problem of dislocation. 


~®o ®«pr«eeni a dis|ilaoement 
solutions can be applied to the 
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§3. 

(a) Parallel fissures. 

Let tlie cylinder be bounded by the circles and a=a,. 

(1) Let us assume * 

^;(=— -Aa sinh a+Ba (cosh a— cos P) 

+ (Ai cosh 2a+Bi +Ci sinh 2a) cos/? ... (9) 

The many- valued terms in the displacements are given by 

-N 

A sinh g sin ^ 

2/x(X+)ll)' cosh a — coSjS 

y ••• (11) 

X+2/a A y3(l —cosh g cos fi ) 

2/jt(X-|-/x)‘ cosh a— COS jS 

When ^=0, we have 

“^=0 and v=0. ' 

When j8=27r, we have 

«=0 and v=: ^ — ^ w A. 


Thus u is continuous on the baiTier jS=0, but v decreases suddenly 
by the amount 

ttA. 

as we cross it. There is therefore a dislocation due to removal of a 
slice of thickness 

ttA. 


along )3=:0 ^.e., the 2 /-axis or any other line parallel to the y-axis. 
Calculating the stresses from (9)^we Have 

a. aa=Asinh® a— B sinh a cosh a+A^ cosh 2a+Bj + Ci sinh 2a 

+sinh a cois j3 [Rr-2(Ai sinh 2a+Ci.cosh2a)] >- 
a.a^=:— (cosh a— cos jS)sin /3 [B‘*-2(Ai sinh 2a-f Oj cosh 2a)] j 


( 12 ) 


If the boundaries are free from stress, we have 


* Jeffery, ioc, cit. 
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aa=0 and a/3=:0 when azra^ and when ass d^. 
therefore 

B=A. sinh^g j^ coshfai— a^) 

sinh^g^+sinh^aa * sinhCa^— a,) ' 

A ——I- A sinh(a^+a,) 

sinh*aj +sinh*a, ’ sinh(aj— a^) ‘ 

0 =-^A. . si^h^g^— sinh^g ^ cosh(a^-f g^) 

^ “ sinh*g^+sinh*a3 * sinh(ai— ttg) ‘ 

B^=iA+|A sinh^g^ sinh2aa— sinh^aa sinh2a, 
sinh*g^ + sinh*aa 

^ cosh(aj^— tta) 

sinh(a^— aj) * 
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(12) 


(2) For the second case let its oonsidei' the solution ^ 
hx = Ag sin ^ + ( A 1 sinh 2a + B 1 cosh 2a) sin /? 


. (13) 


The many-valued terms in the displacements are given hy 


u= A/ 8 ( 1 — > cosh g cos j8) 

2)a(X-f-^) ’ cosh a— cos /8 

X+2/x A/3 sixih a win /3 

2/i(X + / a) ’ . coshja — dos ^ 


... (14) 


The discontinuities at a harrier are given by 


^A. = A±2m 

/x(X-f-/i) cosh a— cos ^ fx{k+/i) 

= - _ginhttsiD^ _ X+2 m . , 

M^+m) oosha— oos) 8 /n(X+;i) 


.. (15) 


Jeffery^ 
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'where I and w. are the direotion cosines of the normal to a=oonstant. 

The component of the relative displacement parallel to the ic-axis 

=Z(mi— M o)— «o)=0 
while the component perpendicular to the aj-axis 

Mo) + ^(Vi— Vo) 

=4^ ^A. 

The displacements, therefore, represent a dislocation due to remoYal 
of a slice of thickness irA along a barrier parallel to the 

iK-axis. 

The stresses at anj point are given by 

a.aa=— sinh a sin)8[A+2(Ai cosh 2aH-Bi sinh2a)] 

a.aj8=— '(cosha— cosjS)co3 ^[A+2(Ai oosh2a > (16) 

+ BiSinh2a)] J 

If the bdiindaries are free from stress, we have 

aa=0 and a;8=0 when aasa^ and when ax=a". 

Then 


A _iA ooshCa. + a,) 

^ cosh (a, -a,)' 


„ sinhCat + g,, ) 

‘ * cosh (* 1 — ttj)’ 


(b) Wedge-shaped jfhsures. 
Assume iti this case* 


hx== — Ao. eosh a+ Ba(oosh a-*cos j8) 

+ (Ai cosh 2a4. Bj -f C j sinh 2a) cos j8 


(17) 


(18) 
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The maiiy-vaiued terms in the displacements are given by 


_ A4-2jn. ^ /? cosh a sin/ ? 1 

2/Ji (X + jw.) cosh a— cos ^ ’ I 

X + 2/4 ^ ^ sinh a cos ^ . [ 

2yw,(X+/A) cosha-rCOSjS I 


(19) 


When /5=0, we have 

?i=0 and 

When j8=27r, we have 

and v=-. — ttt — ST i 1* 

/x(X"|-)u.) cosh a— 1 

The discontinuity of v on the barrier ^=0 is therefore 


t;=0. 


X4-2/I . sinh a . 


X+2/a t tA sinh a 
yx(X+/A) * cosh a— 1 


==®o (say). 


When /3=0, we have 

a sinh a 
^~’^®”"cosh l 

1?herefore 

^ X+2/x ^ 


This dislocation can be interpreted as a wedge-shaped fissure 
hounded by the planes 





6 


SU.0BHODAN GHOSH 


194 


The stresses are giyeii bj 


a.aa= — -4(a— sinh a cosh a) — B sirh a cosh a 
+AiCOsh2a+Bi + Oisinh2a 
+ sinha cos ^[B— 2(A,^ sinh2a + 0i cosh 2a)] ^ 

a.a/3= — (cosh a— eos yS)sin ^ 

X [B— 2(Ai sinh2a+Oi cosh 2a)] 

If the boundaries are free from stress, we have 

aa=0 and a^=sO when asra^ and when a=a 3 . 
Therefore 

B=2kcosh (aj— a^) 

Ai = — k sinh{ai +aj) 

Oi=k cosh (a^+a^) 

B 1 =^A coseqh (a^ -^a^Ksinh^ai +sinh'‘ajj)“' 

X [sinh (ai*+aj){aa cosh 2ai— cosh 2aa 
+-i-sinh 2(ai— aa)}--2sinh sinh 
X (a, sinh 2®! — Oi sinh 2aj )], 

where 


( 21 ) 


( 22 ) 


^=“i-A[(ai— aj)coseoh(ai— o,)— cosh (ai+a,)] 

X (sinh^Oj +sinh^a5|)"*. 

I tate this opportunity to express my thanks to Dr. K R. Sen for 
constant gaidanoe and help in course of the work. 

Bull. Cal. Math. Soc., Vol XVII, Mo. 4. 
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Was Aryabh&ta indebted to the Gbbeks for 
HIS Alphabetic System op expressing 

NUMBERS ? 

By 

SaRADA KaNTA GANGOLy. 

Ravenshaw College, Cuttack 

Aryabbai^Si s rule giving his Alphsihetic system of expressing nixmhers 
is as follows : — 

“ ws^nrswfmtPir ir. i 

^ «Rfsf*r5TO5i?nr? «n ii ” 

It may be translated thus : 

Barga consonants from (onwards) [should be used] in larga 
places (i.e., places corresponding to’. the barga or square units 1, 10* , 10*, 
&o.) and abarga consonants in aharga places (».e., places corresponding 
to the abarga or non-square units 10, 10», 10», <fco.). ^ (ya) [stands 
for] 30 ^lit., 5 and 25). Vowels [ should be used ] in eighteen places, 
nine [vowels ] (with distinctly different sounds) in barga pkote as well 
as in the (corresponding) aharga places. [Those] nine [vowels] 
[ should be used ] in higher places in a similar manner. 

In the above translation words within brackets [ ] har^e been 
introduced to complete sentences and words within brackets ( ) by 
way of explanation. The above translation differs from that givm by 
the late Dr. Fleet (J. B. A. 8., 1911, p. 115). He writes: "The 
concluding words “ navRntyavargS va ” or ‘ in the square imihed&teiy 
following the nine ’ that is ‘ in the tenth square place ’ a)rt( enigmatic. 
They seem to indicate a ninteenth place (the number belonging 
to which, the British trillion, would be square of the Vrinda Ho, 10) 
and nothing after it ” (ibid, p. 120;. The alleged enigtaattoal nature 
of the words disappears when it is noticed that navSniyadarg/ is not a 
single compound word but has been' formed by ioining the 
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words nava and antyavargS according to the rules of svarasandhi 
or conjunction of vowels. Antya means ‘ following ’ or ‘ which comes 
after ’ and mrga means ‘ a group of the same class.’ So the compound 
word antyavarge means ‘ in the following group of the same class/ As 
a group of eighteen places has already been spoken of in the verse, the 
word antyavargi can only mean ‘ in the following group of eighteen 
places.’ In Sanskrit the word va (^) is used in the sense of ‘ or ’ as 
well as in the sense of ‘ and.’ Here it cannot mean ‘ or ’ ; it must have 
been used in the sense of ‘ and,’ The word va has also the force of 
similarity (sadTsya), Henee the suggestion is that the number 

of places is unlimited and that nine vowels are to be used, as explained 
before, in each group of eighteen places. In Sanskrit rules brevity is 
secured by making 'them highly suggestive and not at all explicit. 
Explanations and implications are supplied by the teacher or the 
commentator. Fleet translates the second line of the above verse 
thus : “ the nine vowels (are used'i in the two nines of spaces square 
(and) not square, or in the square immediately following the nine.” 
How can nine vowels be used in ‘the square following the nine’ by 
which expression Fleet means the ninteenth place ? Only one vowel is 
to be used in each place. This is sufidcient to prove that Fleet’s transla- 
tion is incorrect. 

It has been suggested* that Aryabhata’s system of expressing 
numbers has been derived from the alphabetic notation of the Greeks. 
The reason for the above suggestion has been givent by the late Dr. 
Fleet in the .follow:ing words i “Knowing the Greek source of the 
greater part of the gastronomy etc., which we have in the Aryabhatiya 
and subsequent works, we naturally think of the possibility of a 
similar origin for this system of numeration,” Does the question of 
borrowing at all arise in connection with the original matter which is 
included with admittedly borrowed matter in the work of a western 
savant ? Is it not sometimes found that even distinguished European 
critics cannot view the writings of an ancient Indian scholar in the 
same spirit in which they consider the writings of western scholars? 
Jn giving his value of w Aryabhata has used, not the Greek myriad 
or any ^ of - its corrupted forms, but the word (^?l) ayuia which is 
equivalent to the Greek najrriad and has been in. use in India at least 
since the time of the Vedas$ ( ^.e. from before: the Greek civilisation 

, * Sjidhakara Dviredi» Qai}aka Tarangini (1892). p. 6 j Kayo, X A. B., (1907), 

p’ 478 i Fleet, J. B. A. B., (1911h p. 

t X 12. -4- S. (1911). p. 126. 

j Macdonell and Keith, Veddc Indesf, YoL I, pp. 842 and 348, 
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came into being). Yet it is asserted* tliat the way in which irya- 
bhata has expressed his value of points indubitably to a Greek source 
on the alleged ground that the Greeks alone of all peoples used the 
myriad as their unit of the second order. But has any European 
critic ever thought of the possibility of the Greek myriad having been 
borrowed from India and of Pythagoras’s calling ten, hundred, etc., 
units of the second, third, etc., course after the Vedas which contain 
the earliest record of the use of a strictly decimal system of numera- 
tion, the different units being 1, 10, and higher powers of 10 P t The 
renowned German mathematician Euler included both original and 
borrowed matter in his writings. When “ he employed practically 
the same method of solution of the so-called Pellian equation as was 
given some centuries before by the Hindu mathematicians, did any 
one naturally think of the possibility of Euler's indebtedness to India 
for the solution ? On the contrary, an attempt has been made § to 
belittle the importance of the equation in order to prove that the 
Hindus achieved nothing of importance in the field of mathematics. 
It is out of place here to multiply such examples of which there are 
many. We are all seeking truth and our only business is to give 
neither credit nor discredit but to sift evidence carefully and honestly 
and present the truth, whole truth, and nothing but the truth. If we 
are indebted toothers, wo need not feel ashamed to acknowledge our 
debt and expi'ess our gratitude. Hindu S'ristoas look upon ingratitude 
with abhorrence. Let us, therefore, begin with an open mind. Let 
no consideration of race or clime deter us from pursuing the path of 
truth. Let us not foi^m a conclusion beforehand and then trj to find 
evidence in its support Wo must not, therefoi’C, begin by supposing 
that Aryabhata was indebted to any“foreign source for his alphabetic 
system of expressing numbers, 

For the purposes of examination of evidence to trace the source of 
Hindu mathematics, Mr. Kaye postulates || three criteria for reference. 
The third criterion has been formulated thus : “ Priority of state- 
ment of a proposition does itot necessarily imply its discovery,” Pre- 
vious use alone of an alphabetic notation by the Greeks should not, 
therefore, lead us to trace Aryabhata’s alphabetic system to a Greek 
source. Even if all of Aryabhata’s writings excepting this rule were 

^ Hoath, History of Qreoh Mathematica, Vol, I, p, 234. 
t YajurtiedcLf Chapter XYII. Mantra 2* 
t Kaye, J. R. A. 5., (1910), p. 752. 

§ I6td,p,764. 

II I6ic2.p,750. 
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definitely known to Have been based on foreign sources, we would not 
be justified, on that ground alone, in holding that this rule was also 
borrowed from a foreign source, This single rule might be Aryabhata’s 
own. If the second verse of the Ganitapada (i.e. Chapter II) of the 
Aryabhatiya be read with the corresponding verses of MahavJra and 
Bhaskara, it will be seen that it contains an exposition of the modern 
place- value decimal notation,* No one has hitherto claimed that the 
modern place-value notation was known to the Greeks or to any other 
non-Hindu people before the sixth century.t It cannot, therefore, be 
said that Aryabhata’s rule explaining the modern notation was borrow- 
ed from the Greeks, “ knowing the Greek source of the greater part of 
the astronomy etc., we have in the Aryabhatiya and subsequent works. 
If we cannot trace this rule to a Greek or foreign source, why should 
we begin by supposing the'* Greek origin of Aryabhata’s alphabetic 
system ? We should wait and see the result of applying the other two 
criteria. 

The second criterion runs thus : “ While mathematical systems of 
independent growth will naturally have many points of similarity, yet 
diferences are certain to occur; it is, indeed, impossible for two 
systems to grow up independently in exactly the same manner,” 

Now, the only point of similarity between the Greek and Arya- 
bhatian alphabetic systems is that the first nine letters of the alphabet 
denote the first nine numbers in each case. Aryabhata’s system differs 
from the Greek system in every other particular. The principal points 
of difference may be stated as follows : 

♦ This fact has so far escaped the notice of distinguished Oriental scholars 

owing to their attention having been too mnoh attracted by Aryabha^’s alphabetic 
system. Accordingly Mr. Kaye has been inconsistent in translating Aryabhata's 
verse giving the modern notation. Fleet perceived this inconsistency and tried to 
be insistent. But in doing so he has mistranslated the principle 
daiaguTuiTn nyat. 

t Mr. Kaye writes that Tambliohus (4th century) had perfectly clear ideas 
on the value of position” and gives thei following example in his support : 

“ If the digits of any three be added together, and the digits of their sum be 
added together, and so on, the final sum is aix.1’ (J. A. S. B., 1907, p. 493). 

Mr. Kaye attributes this example to Jambliohus and oites as reference Gow's 
History of Greek Mathematios, But a comparison of Mr. Kaye’s statement of the 
example with the statements of Gow (page 98) and Heath (History of Greek 
Mathematios, Tol. I, pp. 114 and 116) will show (0 that Mr. Kaye is not justified in 
putting the example in the above form which seems to support his conclusion and 
(ii) that other peoples who regarded numbers as being made up of a certain number 
of units, a certain number of tens, a certain nnmber of hundreds, etc., had equally 
“ clear’’ (P) ideas on the value of position. 
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(a) In the Greek system the second group of nine letters denoted 
the first nine multiples of ten and the third group of nine letters the 
first nine multiples of hundred. To express multiples of higher powers 
of ten, strokes or dots were used. Each stroke or dot indicated 
multipHeation by 1,000. Fleet says* that Aryabhata’s system is 
certainly not an adaptation of this system of the Greeks, but that 
Iryabhata derived his inspii-ation from another Greek system of 
expressing large numbers in which myriads used to be expressed by 
means of two letter-numerals, vis., (i) a symbol M for a myriad and 
(ii) the already adopted symbol for the number indicating the multiple. 
In Indian Kharosthi and later Brahmi notations hundreds used to ba 
expressed in this way. But in Aryabhata’s .system each multiple of a 
power of ten was denoted by a sinffle consonant-numeral combined with 
a vowel- sign. Fleet is right in holdingt that in Aryabhata’s scheme 
the vowels had no numerical values in themselves but marked the 
places to which the consonants, etc. were to be referred. If they had 
any numerical value, they could be used to express component parts 
of a number where no confusion was likely to arise. For example, 
could be used to denote 170. But vowels as such were never used by 
Aryabhata; and vowel-signs cannot stand by themselves. So when 
Fleet considers! that, like the alleged§ Greek forms 8 M, w, 

denote respectively 10000x2, 10000x3, 10000x4, he falls into a 
serious error. Whence does he get two numerical symbols P His 
explanation is far from satisfactory. He simply contradicts himself, 
For he writes ; “ But neither have the consonants, etc. nor have the 
vowels any numerical value in themselves ; it is only by the combina- 
tion of them into syllables that values are arrived at.” j| His transli- 
teration^ of 55 , -5 into lehXJ, gU, ghTJ which bear resemblance to the 
alleged Greek forms (SM, yM, 8 M, is probably responsible for this 
error. It is owing to the possibility of this kind of error resulting 
from transliteration or ti’anscription that Mr. Kaye is not prepared 
to place any reliance on evidence in manuscripts.** Fleet is not, 


• /. E. A S. (1911), p. 126. 
t Ibid, p. 118. 
t Ibid, p. 126. 

§ Gow says (Hist, of Greek Mathomatios. p. 42, foot-note 8) tha*, if M followed 
B, 7, S, etc, it was often omitted and a dot substitutod. Heath says (Hist, of Greek 
Mathematics, 'Vol. I, pp. 39 & 40) that B, y, S, oto. wore written either over or after M 
lU. E. A. B. (1911), p, 118. 

IT IMd, p. 126. 

** J. A. S. B. (1907), 
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therefore, justified in holding* that the idea behind the alleged Greek 
notations j8M, yM, 8M, etc. also underlies the whole of Aryabhata’s 
system. If it be assumed for the sake of argument that like 
yM, etc., Mu, jU, etc. stood for 10000x2, 10000x3, etc., is it necessary 
to go to the Greeks for the source of Aryabhata’s inspiration ? It 
could easily come from the already existing Indian way of expressing 
numbers in words, which has ever been on the decimal scale, 
t ayutas, three ayutas), etc. could easily suggest 

those notations. Unlike the Greek notations, Indian notations before 
Aryabhata expressed numbers as they were spoken. 

(b) As has been already stated, Aryabhata’s vowel-signs are not 
numerical symbols but indicate places which the consonant-numerals 

occupy. Hence Aryabhata expresses numbers by means of consonant- 
numerals and as many place- indicating vowel-signs. But the Greek 
system exclusively employs letter numerals only. Place-indicating 
signs are conspicuous by absence in the Greek system. 

(c) Unlike the Greek system and the old and modern Indian 
systemst of notation and the Indian way of speaking numbers, 
Aryabhata’s system (i) recognises component parts of a number, 
which are higher multiples than the ninth of even powers of ten, 
(ii) makes no provision for expressing the first twot multiples, pf 
the odd powers of- ten us such^ and {%%%) admits of a number being 
expressed in more ways than one. For example, (i) fti {mi) stands 
for twenty-five, hundreds ; («) two thousands cannot be expressed 
as smcA; it should be regarded as twenty hundreds before it can be 
expressed by («ij ; «nd {Hi) forty-five can be expressed by 

^r’lTi or 

(d) ThS Greek alphabetic system was an arithmetical notation 
i.e. was used in performing arithmetical operations. But Aryabhata’s 

was not so. As an arithmetical notation it has many and 
grave defects and iS, therefore, useless. Hence it has not been given 
any place in the arithmetical portion of the Aryabhatlya. Arithmetical 


* /. B, 4. S. (1911), p. 126. 

t These systems do not include the so-oallea ‘word-symbol notation’ which is 

not notation atall but which gives numbers espi^lfeed in the modem notation by 

stating the digits (one or two at a time) beginijftxg with the units’ place. 

J According to Aryabhata’s scheme there are no letter-numerals for 1 and 2 
to occupy aharga places. It will be seen from what follows that for the figures 
3, 4, 6, etc. up to 10 there arc two sets of letter-numerals— one set for : hargd places 

and the other for oborga places, 
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operations could be more easily and rapidly performed with the 
-previous Indian notations* The only merit of Aryabhata’s system 
is its conciseness and it has been devised chiefly to secure brevity of 
the rules composed in verse. 

Thus, Mr. Kaye^s second criterion, instead of proving the Greek 
origin of Aryabhata’s alphabetic system, points to its independent 
growth. 

Mr. Kaye states his first criterion as follows: “The evolution of 
mathematical ideas cannot proceed saltum but must proceed in an 
orderly manner.*' Let us, therefore, see if Aryabhata's alphabetic 
system can be shewn to have had an orderly growth in India. 

Aryabhata had undoubtedly been a student of Sanskrit grammar 
and Inetrics. In Sanskrit grammar single letters are used for two 
different purposes, viz., (i) as a sulBGlx ^.<7., etc.) and (n) 

as a or name for something to which frequent reference has to be 
made (e.g., fe, etc.). In Pihgala’s manual of metrics single 

consonants (e.y., % % etc.) have been used for the second purpose. 

To be included in metrical composition numbers, must, of necessity, 
be expressed by word-numerals or letter-numerals. The study of 
Sanskrit grammar and metrics seems to have led tbe mathematical 
gen’us of Aryabhata to use letters of the DevanSgari alphabet for the 
sake of bi'evity, as it afterwards led the well-known grammarian 
Bopadeva to use these letters in shortening the Sanskrit grammar. 
The vowels were not suitable for this purpose as they often disappear 
arid merge into unrecognisable forms owing to conjunction 
which is an essential feature of Sanskrit. Aryabhata bad, therefore, 
no other alternative than to use consonants to express numbers. The 
modern place-value notation was known to Aryabhata who classified 
the places as harga and dbarga. Most probably phonetic resemblance 
was responsible for the rule “ harga consonants should be placed in 
harga places and abarga consonants in aharga places.'’ To indicate 
the Tj or place occupied by a consonant nothing could be 

more convenient than a vowel-sign. Hence vowel-signs have been 
used as place-indicators. Aryabhata names the first ten places (ekam, 
dasa, etc. up to vrindamj only. The first ten vowels were perhaps 
intended to indicate these places. Here some difficulty presented 
itself. Of the first two vowt’s % the second is a long The 
vowels of each of the remaining four pairs have similar sounds, the 
first vowel being short and the second long. In hooks on Sanskrit 

* Vide Sir Eiohard Temple’s article on the Burmese system of arithmetic in the 
Indim Antiquary, Vol. XX, pp. 68 .^! 09 . 
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grammar the vowels eons ti tilting each of the five pairs are called 
equal (u^rrsf) vowels. Hence Aryabhata seems to have overlooked 
the distinction between long and short vowels and made the rule that 

^ (or should indicate the places of the units ... IC®, lOV ; 
g: (or t) ... ... ... ... 10®, 10® ; 

^ (or gr) ... ... ... ... 10^, 10® j 

^ (or ... , ... ... ... 10®j lOVj 

^(or^) ... ... ... 10®, 10® : 

Thus, each of the five vowels, % y, long or short, was assigned 

to a harga place and the next higher aharga place. This could not 
result in confusion, as places were to be occupied by harga 

consonants only and aharga places by aharga consonants only. Then 
by the principle of anology — a principle which is responsible for 
two serious mistakes * made by Aryabhata — he also assigned the 
remaining four vowels tj, % ^ (which have distinctly different 

sounds), each to two consecutive places. Hence the rule “vowels 
should be placed in eighteen places, nine vowels in harga places and 
the same nine vowels in aharga places.” As, by his rule, ^ and if 
denote the first and the second multiple of 10, he used Kj &c. up to 
X for the .Srd, 4jth, &o...up to the 10th multiple of 10. It should be 
noted here that only when the consonants g, &c. are each 

associated with the vowel w, they denote 30, 40, 50, 60, &c. Otherwise 
they stand for the numbers 3, 4, 5, 6, &c.— up to 10. Thus, ft means 
u, (or 3) put in the thousands’ place (the aharga place assigned to «). 
If u stood for 30, ft would denote 30 tens or 800. Fleet is not right 
in holding that in Aryabhata’s scheme consonants have no numerical 
value in themselves. The metre shows that this reading is correct. 
If he were right, ^ in the rule “ ” could not stand for 6.t 

It will thus he seen that Aryabhata’s alphabetic scheme had an 
orderly growth in India, 

As a result of the application of the three tests laid down by Mr 
Kaye, we are forced to the conclusion that Aryabhata is' not indebted 
to a foreign source for his alphabetic system of expressing numbers, 

* Aryabhata’s rules for the volumes of a tetrahedron and a sphere. 

(Vide jr, A. a, 1911, page 118), 

t For this interpretation 1 am indebted to Dr. Bihhutibhusan Datta. 
jBulL'Oah Math. Soc., Vol XVII, No, 4. 
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Von h. BcliU>Hiiig<'f tli-ii. IVofimHiir mi tier riiiT«rKit*(, (iif*gtm uiiil A. I’loiMiep 
Dr. I’hil. HI Mntl 'Jiu S, VViiltor (to (hMiytiT A Co.. Hurlin 
u««l 3H2H. 

ThiH book by l’ritfpHKr*i' EohloHingiir aii«l Dr. PUfSHncr on 
Lebeaguos hitognil and Fonrior'a M«*rio» in omi of tba many uneful 
matbomalical Inaika wiiicli piwf-war (iariniuiy ban |»rodiicod. An in 
well-known, Ihu nolion of an intogrnl for certain olumentaty functions 
was in a sonso known to Format. Bliaskarn, ujui oven Andn-moclos who 
gave the surfmm and voinnic of a M|»hcr« ijj lorma of ita radius. The 
notion was generalised by i.eilu.it* a.at (’auchy to cover every conti- 
nuoas function and was f.u-i her generalisml liy Riotnann to apply to 
a certain class of functions having intinitn nufulmrs of points of dis. 
continuity. Tho notirm of iadamgtni is the most, gmmral possible 
notion compatible with use in (ieoinetry and IMiysic*. hohesgue's 
notion is appheahle oven to certain totally disoontinnous functions, 
funotions which are nowhure contiunous, 

Before proceeding with a,, analysis of the contents of the book, 
it IS desirahlo tu elucidate by tnoans of simple examples the notions 
ofLauchy, ilieinanii and Lehesgiie. It should he clear that every 
bounded function which is integrahlo iwcording to Hienmnn is also 
xntegiuhia according b, I, obosgue, although the converse is not true. 
For, take a function /(«) wliich is defined for every value of ,i in the 
interval tO. 1) and which wjiials 1 f„r the poinUof the aggregate M, 
of rational nnmbers and equals 2 for the points of the aggregafo W. 
ofurational nnmhors. The points of discontinuity of have a 

meMure 1 and therefore fy ) has no integral aeemtiing to Hienmnn. 
iiut accoiHuiJg to ii(»tioi}» 

/ f /{*)d*+ f 

^ M, M, 

of M,+2» mimmtruof M,. 

Now the measure of M, is *ero and that of M, is I. Therefore 

t 

/ /(»)dr=2. 
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But an unbounded function may be integrable according to Cauchy 
and still not integrable according to Lebesgue. For, take /(») to 
represent 

sin -- 

for *=^0 and to equal 0 for ai=0. Then the function /(») is integ- 
rable in the interval (0, 6) according to Cauchy’s notion, 

* ^ 

J /'(a) being sin — , 

0 

but is not integrable according to Lebesgue’s notion. In fact 
/'(a)=2rsini-| oosi for *=^0, 

/'( 0 )= 0 . 

Now 2 c sin i: is bounded and has a Lebesgue integral but 


- cos — , -which for convenience may be denoted by S' (as), has no 

X X* 

integral. For, if it had so would i g \ have an integral. But, taking 
a» to represent 

{(«+!>} * 

and 6 *> 0, we have for p > 0, 

i ^ oo 

f \g\dA>=[ \g\dx+ 2 j U I 
J J n=p \ 

0 »i.-i 

which is impossible ; for, the series on the right is divergent, since 


CIfn-x 

— 1 
r 

■ ■■ 1 

G-k-X 

r « 1 dx 

j 1 g rd®= 

j gdx 


1 ie’coB —• — 
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and the series 



' 2 _ 

{2j»+ l)ir 


is divergent. 

The book, which is based on the lectures delivered by Professor 
Schlesinger at the Giessen University, contains si-v chapters with the 
headings : Fundamental notions of the theory of aggregates, the 
measures of point-aggregates, on functions of real variables, the 
Lebesgue’s integral, functions of one and of two variables, Fourier’s 


series. 

Probably the most suggestive results are contained in the fifth 
chapter which has articles -headed : integral, interval-function, point- 
function of a variahlo; intorval-f unctions of bounded value-sums; 
properties of monotone point-functions ; the derivatives of a continuous 
function, a covering thoorom ; the derivatives of a continuous interval-, 
function of hounded vnhic-smus, singular and totally continuous part ; 
resolution of an interval-function and of its total sums ; two examples ; 
determination of an interval-function by moans of its derivatives ; the 
primitive function and the indefinite intagial ; the tlioorem of Fubini ; 
functions of two variahlos, the donblo integral : the double integral as 
point-fnnotion, derivation. 

The article on the primitive funotion and the imlofinito integral 
contains a dear account of p(WHihle oases. In general those ckses aire 
four and may ho onnmeratod as follows : 

A ineasurahle function of ono vai’iahlo has 


(1) an imletinilo integral as well as a primitive function, 

(2) an indefinite integi-al hut no primitivo function, 

(3) a primitivo fnnctiuu but no indofhiilu integral, 

or (4) neither an indelinite integral nor a primitivo function, 
Fjvery nmastirablo and hounded function <iomos under Case (1), the 
function 


is an example of Case' (3), the function (1/^) fur any interval including 
0 is an example of Case (4), and Case (2) has lieen illustrated by a 
rather complicated oxamplo which need not ho reproduced here. 

If a function / possoBses a primitive function, then"the hebesgne s 

integral of / furnishes the primitivo function provided that /, 
leaving aside an aggregate of measure asero, is bounded or funded 
on one side. If, on the contrary, / is unbounded on both Bide# 
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on an aggregate of measure greater than zero, then the primitive 
function can he represented by the Lebesgue’s integral only then when 
/ satisfies the conditions of integrability. 

The last chapter contains some applications of Lebesgue’s 
integral to the theory of Fourier’s series. The seven articles of this 
chapter are headed as follows : some integral theorems j the Eulerian 
formulae, the theorem of Riemann and Lebesgue ; convergence of 
Fourier s series ; the convergence criterion of Lebesgue; the summation 
methods of Lebesgue and Fej'er; functions which are integrable along 
with their squares ; the theorems of Parseval and that of Riess and 
Fischer. 

A very interesting form of the convergence criterion is given 
in the fourth of the seven articles mentioned above. If 

<^(0 denote 

then the convergence of the Fourier’s series corresponding to /(a?) is 
assured provided that in addition to the continuity oif(x) the following 
condition is satisfied : for every quantity 17 > 0 two positive quan- 
tities 8 and can be so chosen that, for c < 


I 


€ 


t 


di < yj. 


Another interesting application of Lebesgue’s notion is the 
well-known theorem: The Fourier’s series corresponding to an integ- 
rable function f(x) is almost everywhere summable according to 
Oesaro to 

By bringing out hie lectures in the form of a book, Professor 
Sohlesinger has placed the lovers of Higher Mathematics under as 
great an obligation as they were under by his giving them the famous 
treatise on the theory of linear differential equations. It is to be hoped 
that English knowing mathematicians will soon have an English tran- 
slation which will make the contents of the book accessible to Indian 
beginners in the study of the theory of funotious of real variables. 
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